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—— Abstract
We introduce layered automata, a subclass of alternating parity automata that generalises deter-
ministic automata. Assuming a consistency property, these automata are history deterministic and
0-1 probabilistic. We show that every omega-regular language is recognised by a unique minimal
consistent layered automaton, and that this canonical form can be computed in polynomial time
from every layered or deterministic automaton. We further establish that for layered automata
both consistency checking and inclusion testing can be performed in polynomial time. Much like
deterministic finite automata, minimal consistent layered automata admit a characterisation based
on congruences.
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1 Introduction

Automata over infinite words (w-automata in the following) were first introduced by Biichi
to show the decidability of monadic second-order logic over (N, <) [Biic62]. Since then, they
have found numerous applications in the verification and synthesis of reactive systems [CES86,
PR89, Kupl3].

A key limitation of current w-automata theory is the lack of minimal canonical models.
Minimisation is instrumental for practical applications, particularly when automata are
derived from specifications, like LTL formulas, through hierarchical translations. In this
process, each constructor in the specification corresponds to an operation on the automaton
— some of which necessitate a powerset construction. We know from the case of finite words
and trees that minimisation after each operation is key to efficient translations [KMS02].
Minimisation is also important for theory. One immediate example is learning algorithms
for w-regular languages, but more broadly, it indicates that we have gained insights into
the structural properties of acceptors. Such insights may eventually allow us to revisit
long-standing open problems, such as the index problem for tree automata [CLOS, IL25].

Unlike to the case of automata over finite words, deterministic w-automata do not have
minimal canonical models, as a language may admit several non-isomorphic deterministic
automata with a minimal number of states. Moreover, the minimisation problem is NP-
hard for all kinds of deterministic w-automata expressive enough to recognise all w-regular
languages [Sch10, Cas22, AE25]. While there are some canonical ways to represent w-regular
languages, such as w-semigroups or congruences, these representations can be potentially
exponentially larger than deterministic parity automata, and furthermore, they cannot be
used directly in applications from verification and synthesis.

History deterministic (HD) automata are a subclass of non-deterministic automata for
which non-determinism can be resolved on the fly. They were originally introduced under the
name of good for games [HP06]', as they are exactly those automata that can be composed
with any game while preserving the winner. This property allows their use in applications in
verification and synthesis instead of deterministic automata. Every deterministic automaton
is history deterministic, but a history deterministic automaton can be exponentially smaller
than the smallest deterministic one [KS15]. History determinism has been generalised to
alternating w-automata [Coll3, BL19]. History deterministic alternating automata have the
same good compositionality properties, making them suitable for applications in verification
and synthesis, while being even smaller than non-deterministic HD automata [BKLS20,
Lemma 6].

Other types of automata that have been actively studied recently are those in which
the non-determinism can be resolved randomly [AK15, HPT25, PPS™25], or automata that
compose faithfully with MDPs [HPS™20]. In particular, 0-1 probabilistic automata are
automata in which a random walk over an infinite word is accepting with probability 1 if and
only if the word belongs to the semantics of the automaton; otherwise, it is rejecting with
probability 1. Such automata are in particular suitable for the study of MDPs [HPT25].

In this work, we propose a new model of acceptors for w-regular languages that we
call layered automata. Our starting point for this model is the result of Abu Radi and
Kupferman [AK22] stating that (transition-based) history deterministic coBiichi automata
can be minimised in polynomial time and admit a canonical minimal representation. In
[LW25] it has furthermore been shown that this canonical automaton can be described in a

1 The related notion of good for trees automata was previously introduced in [KSV96].
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natural way using a congruence over pairs of finite words. However, HD coBiichi automata
can only recognise a fragment of w-regular languages: those that are in the X9 level in the
Borel hierarchy, or equivalently, persistent properties in the Manna-Pnueli hierarchy [MP90].

The model of layered automata that we propose in this work can be seen as an extension
of the minimisation result of Abu Radi and Kupferman to all w-regular languages. This
is in line with some recent works such as chains of coBiichi automata [ES22] and rerailing
automata [Eh125] to which we compare in Section 3.6. Orthogonally, layered automata can
also be seen as a generalisation of the Zielonka tree of a Muller language [Zie98] and of
signature automata for positional languages [CO24]. We provide ample evidence that layered
automata have good structural and algorithmic properties.

Contributions

We introduce layered automata, a formalism to represent all w-regular languages. One can
think of a layered automaton as a representation of an alternating parity automaton with
some good structural properties. If a layered automaton satisfies an additional property of
consistency, then the associated alternating automaton is history deterministic.

Consistent layered automata combine the structure of both minimal history deterministic
coBiichi automata (Proposition 3.9) and Zielonka trees. They also encompass deterministic
parity automata (Proposition 3.8). They enjoy remarkably good properties. Most notably,
they admit a canonical minimal form that is computable in polynomial time.

This canonicity result can be stated as follows:

» Theorem 1.1. Every w-reqular language L can be recognised by a consistent layered au-
tomaton Ayp such that every equivalent consistent layered automaton contains a subautomaton
admitting a surjective morphism to Ar. Moreover, Ar, can be computed in polynomial time
from any given consistent layered automaton recognising L.

We detail further properties of layered automata.

Applicability. Consistent layered automata are representations of alternating parity au-
tomata that are guaranteed to be both history deterministic and 0-1 probabilistic (Proposi-
tions 3.19 and 3.20). Therefore, consistent layered automata have the key properties that
make them suitable for applications in verification and synthesis. Moreover, they provide
an easy-to-check sufficient condition for HDness and being 0-1 probabilistic, as layered
automata are defined syntactically and checking consistency can be done in polynomial time
(Proposition 3.26).

As layered automata generalise minimal coBiichi automata, they can be exponentially
smaller than minimal deterministic parity automata [KS15].

We also show that emptiness and inclusion of consistent layered automata can be done in
polynomial time (Propositions 3.27 and 3.28).

Canonicity, morphisms, and congruences. We show that every w-regular language can be
recognised by a unique minimal consistent layered automaton. More precisely, we show that
for every w-regular language L there is a consistent layered automaton Ay that is normal,
centralised and safe minimal and any layered automaton with these three properties is
isomorphic to Ay, (Theorem 4.1). Moreover, every consistent layered automaton recognising
L contains a subautomaton that admits a surjective morphism to A; (Corollary 5.2).
Furthermore, we provide a characterisation in terms of congruences for the minimal layered
automaton Ay, (Theorem 6.14). This characterisation is purely based on the language L, and
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does not depend on a given representation as an automaton. To the best of our knowledge,
these are the first results of this type for an automaton model capable of recognising all
w-regular languages and having the minimal form never bigger than deterministic parity
automata.

Minimisation in PTIME. We show that given a consistent layered automaton A, we can
construct in polynomial time the minimal layered automaton for L(.A) (Theorem 5.1). Since
every deterministic parity automaton is trivially a consistent layered automaton, this provides
an efficient minimisation procedure for deterministic parity automata into layered automata.
This does not contradict the above-mentioned lower bounds on minimisation, as the result of
the procedure is an alternating automaton.

Relation to other models. We provide examples and results comparing and relating layered
automata to other models, such as chains of coBiichi automata and Zielonka trees. We also
discuss how layered automata can be used to characterise important properties of w-regular
languages, such as positionality, following [CO24]. While we leave a more detailed study of
all these relations as future work, our discussion shows that layered automata have many
interesting connections to various other well-established and more recent formalisms from
the theory of w-regular languages.

Related work

The starting point of our work is the minimisation procedure for HD coBiichi automata
from Abu Radi and Kupferman [AK22]. By duality, this entails a minimisation procedure
for universal HD Biichi automata, and the notion of layered automata can be seen as a
natural extension to arbitrary parity indices that mixes nondeterministic and universal
branching. Layered automata are also inspired by signature and e-complete automata
from [CO24, Sect 3.3], as well as the minimisation procedure for them. The proof that all
layered automata are history deterministic generalises ideas from [KS15, Lemma 3]. The
congruence-based characterisation is an extension of the congruences for coBiichi automata
from [LW25, Sect 3], using conditions closely related to the priority mapping on finite words
defined in [BL24, Def 3.1,3.5].

Various representations of w-regular languages admitting—in some sense—canonical models
exist in the literature. These include some algebraic approaches based on congruences, such
as Arnold’s congruence [Arn85], Wilke-algebras and w-semigroups [Wil91, PP95], families of
right congruences [MS97, Def. 5] and families of DFAs [Kla94, AF16]. These objects have
the disadvantage that they can be exponentially larger than deterministic parity automata
(it is folklore that already for regular languages of finite words, the syntactic monoid can be
of size n™ for the minimal DFA being of size n, see [HK02, Thm. 3] for a concrete example;
this exponential gap transfers to all the aforementioned formalisms). While their size is
incomparable to the size of a smallest DPA for a language, they cannot directly be used in
applications like synthesis.

Another representation, taking the form of a specific deterministic parity automaton
(DPA), is proposed in [BL24, Sect. 3]. There, the “precise DPA” of a language is defined as
a product of deterministic Mealy machines that are extracted directly from the language in
terms of a coloring function. However, the precise DPA can be exponentially larger than a
smallest DPA.

More recently, some canonical representations based on HD automata have been in-
troduced. In 2022, Ehlers and Schewe proposed to represent an w-regular language as a
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decreasing chain of coBiichi-recognisable languages [ES22]. Each of these languages can be
given by the minimal HD coBiichi automaton from Abu Radi and Kupferman, leading to
a canonical representation. This formalism has subsequently been studied under the name
COCOA [EK24a, EK24b]. Minimal layered automata are clearly related to COCOA, but
there are some important differences. A key difference is that layered automata bring a
direct connection with alternating history deterministic automata—which are widely accepted
as the class of w-automata suitable for verification and synthesis. Notably, we conjecture
that canonical layered automata are minimal amongst all history deterministic alternating
parity automata (Conjecture 7.1). The size comparison between both models is a bit subtle.
While COCOA can be smaller than layered automata, in order to obtain an HD automaton
from a COCOA, one needs to perform a product of all its components [EK24a]. We give a
more detailed comparison with COCOA in Section 3.6.

In 2025, Ehlers introduced rerailing automata [Eh125, Def. 1] and showed that they can
be minimised efficiently. These are automata where each run is associated with a priority
(the minimal appearing infinitely often), and a word is accepted if the maximal priority of its
runs is even. Moreover, they must satisfy a semantic “rerailing property”, inspired by the
properties of minimal HD coBiichi automata. In [EhI25, Sect. VI], rerailing automata are
shown to be usable in reactive synthesis, but their exact relation with HD automata is not
yet established.

2 Preliminaries

We let [d] = {1,...,d}, and we call the elements of [d] priorities. We use the variables z,y
to denote priorities. The parity condition is the language over [d]“ given by:

Parity = {125 --- € [d]* | liminf z; is even}. (Note the use of min-parity in this paper.)

Transition systems. A transition system over a set X is an edge-labelled directed graph
T =(Q,A), where A C Q x ¥ x Q. If (¢,a,¢') € A, we also write ¢ — ¢. Tt is complete if
for all ¢ € Q and a € X, there is some (q,a,q’) € A. It is deterministic if for every q € @ and
a € ¥ there is at most one ¢’ such that (q,a,q’) € A. We prefer to represent the transitions
of deterministic transition systems by a function §: @ x ¥ — Q U{L}, where §(¢,a) = ¢’ if
(¢,a,q¢') € A, and 6(q,a) = L if no such transition exists.

For a word w € ©* we write ¢ — ¢’ if there is a path from ¢ to ¢’ whose label is w, which
we call a run. We sometimes omit ¢/, writing just ¢ —», if ¢ is irrelevant. We write ¢ — L
it there is no path with label w from gq.

If T is a transition system over a product alphabet X x [d], by an abuse of notation we
call a run over w € 3* any path having w as labels in the ¥-component. In this case, we
also say that a run is accepting if its sequence of [d]-labels satisfies the parity condition. We
write ¢ =5 ¢ if (¢, (a,2),¢') € T, and q v2¢ q if (¢, (a,y),q") € T for some y > x, similarly
for > z, etc. We write g wze, ¢ if the minimal priority over the path is > x, similarly for
>z, etc.

A morphism between two transition systems T = (Q,A), 7' = (Q', A’) over the same
set ¥ is a function p: @ — Q' such that if (p,a,q) € A then (u(p),a, u(q)) € A’. Note that
any run over w in 7 from ¢ maps to a run over w in 7' from p(q).

Deterministic parity automata. A deterministic parity automaton is a complete deter-
ministic transition system A = (Q, A) over the set 3 x [d] with a designated initial state
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Ginit € Q-

A word w € X% is accepted by the automaton if the unique run over w satisfies the parity
condition. The language of the automaton is the set of words it accepts. A language is
w-regular if it can be recognised by a deterministic parity automaton. The class of w-regular
languages admits many equivalent definitions, for instance, through definability in MSO
logic, or recognition by non-deterministic Biichi automata, see for instance [GTW02].

Alternating parity automata. In full generality, an alternating parity automaton is given by
a set of states together with a transition function of the form 6: Q x ¥ — Bool™(Q x [d]). In
this work, all alternating automata are of a simpler form, which we call simple by priorities
alternating automata. These correspond to automata where all transitions are either

0(q,a) = /\ (p,x) for some even x, or d(g,a)= \/ (p,x) for some odd z.
peQ’ peQ’

We refer to [BL19] for definitions in the general case. We give next a formal, alternative
presentation of the subclass of simple by priorities alternating automata.

A simple by priorities automaton is a complete transition system A4 = (@, A) over the set
¥ x [d] with a designated initial state ginix € @, satisfying that for every ¢ € Q and a € ¥ all
a-transitions from ¢ have the same priority. So there is  a priority of action a in g, meaning
that for all (g, (a,y),q") € A we have y = z.

The semantics of a simple by priorities automaton is defined via game where the priority
of an action determines who makes the move. Given an input word w = ajas--- € X%, we
define the game G(A, w) where two players, called Eve and Adam, build a run over w in A
as follows:

The initial position is the state ¢1 = ginit-

Suppose the current run constructed in a play ends in a state g;, and x; is the priority of
a; in g;. If z; is odd then Eve picks a transition ¢; “ @i+1, otherwise Adam makes the
choice.

Eve wins if the constructed path is accepting.

We say that w is accepted by A if Eve has a winning strategy in the game G(A, w). Note
that, by determinacy of parity games [Mar75], on the contrary Adam has a winning strategy.
The language recognised by A, written L(.A), is the set of words it accepts. The language of
a state q € @ is the language recognised by the automaton obtained by fixing ¢ as the initial
state. We denote it L(A4, q), or just L(q) if A is clear from the context.

Semantic determinism. An automaton A is semantically deterministic if whenever we
have p = ¢y and p — ¢z then L(A,q1) = L(A,q). Equivalently, if p = ¢ then
L(A,q) = a7 L(A,p).

» Remark 2.1. Let A be a semantically deterministic automaton recognising a language L.
Let u be a word labelling a path from the initial state to ¢. Then, the language of ¢ is:

u 'L ={weX¥ | uwe L}.

Resolvers and history determinism. Consider a simple by priorities automaton A. A
resolver for Eve in A is a function o: ({gint} UAT) x ¥ — @, satisfying that whenever a run
p € ({ginit} U A™) ends in a state g, and the priority of a in ¢ is odd then ¢’ = o(p,a) is an
a-successor of ¢, namely ¢ —= ¢’. A run is consistent with o (or a o-run) if for every prefix
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p-(q,(a,x),q") with z odd, we have o(p,a) = ¢’. The language accepted by an Eve-resolver
o is

L(A,0) ={w € X“ | every o-run over w is accepting}.

Note that we always have L(A,o0) C L(A). We say that the Eve-resolver o is valid if
L(A,0) = L(A). We define symmetrically resolvers for Adam and their languages (note that
if 7 is an Adam-resolver, then L(A,7) D L(A)). For two fixed resolvers o and 7 for Eve and
Adam, respectively, every word admits a unique run that is consistent with both ¢ and 7.
We write L(A, o, 7) for the set of words for which this run is accepting.

An alternating automaton is history deterministic (HD) if both Eve and Adam have valid
resolvers. That is, if there are resolvers o and 7 for Eve and Adam such that

L(A)=L(A,0) = L(A,7) = L(A, 0, 7).

3 Layered automata

In this section we introduce layered automata, the central notion of this paper. We develop
their definition in two stages: the syntactic structure of layered automata (Section 3.1), and
the language they recognise via an associated alternating parity automaton (Section 3.2).
Thanks to the structure of a layered automaton the associated automaton is guaranteed to
be simple by priorities.

Next, we introduce uniform semantic determinism, a slightly stronger notion than semantic
determinism. Semantic determinism is a necessary condition for an automaton to be HD.
For layered automata, uniform semantic determinism yields two significant consequences:
the associated alternating automaton is both history deterministic and 0-1 probabilistic
(Propositions 3.19 and 3.20).

Our main technical tool, presented in Section 3.3, is a characterisation of acceptance
by layered automata that does not rely on alternation. For this we introduce a notion of
consistency, which characterises uniform semantic determinism. For layered automata, we
can test consistency in polynomial time (Proposition 3.26). Furthermore, for consistent
layered automata, emptiness and language inclusion are decidable in polynomial time
(Propositions 3.27 and 3.28).

3.1 Syntactic definition of layered automata

A layered automaton A is a tuple of deterministic transition systems 77, ..., 74 together with
morphisms gy : Tpq41 — Ty, for 1 <z < d. Additionally, we require that 77 is complete, has
a distinguished initial state gine in 77, and all states of 7; are reachable from gini.2

We say that T, is the z-th layer of the automaton. We use @, to denote the set of
states of T, which we refer to as x-states. We assume @1, ..., Qg pairwise disjoint. We let
dz 1 Qz X ¥ — @, U{L} be the (partial) transition function of 7, (which is required to be
total for 7). We write p ——, ¢ to emphasize that a transition is taken in the 2-th layer
of the automaton. Sometimes we write (Q+1 for x some layer; we assume that this is the
empty set when z = d.

We write ()>, for the union of @, ..., Qq, so Q> is the union of all the sets of states.

2 The choice of starting at index 1 (instead of for instance 0) is arbitrary. It has been chosen so that
layered automata with two layers correspond to the well understood class of HD coBiichi automata.



A. Casares and C. Léding and |. Walukiewicz

For every x, we define [iz: Q>; — Qg by

Haz(q) = po(pagr (- - py—1(q)...)), for g€ Qy, y >z ; and [i,(q) =g, for g € Q..

For a state g, let layer(q) be the layer x such that ¢ € Q,. For a pair (¢,a) of a state
and a letter, let layer(q, a) be the biggest layer = such that 6, (fi.(q), a) is defined. Observe
that layer(q,a) is always defined as 7y is complete.

We say that p is an ancestor of q if i, (q) = p, for x = layer(p). Given ¢,p € Q>,, we
write g ~ p if i, (q) = fiz(p) and we let [g], = fi; ' (7iz(q)). A state ¢ € Q1 is a leaf state if
it is not an image of any p,,.

The forest of a layered automaton. We can view a layered automaton as a forest with
nodes J>1. Each state in 7; is the root of a tree, a node g € Q41 has p;(¢) € Q. as the
parent. The levels of this forest are labelled from 1 (top level) to d.

In this way, layer(q) is the level of ¢ in this forest. The function fi,(q) designates the
ancestor at level = of a node g € @>,. We have that ¢ ~, p if p and ¢ have the same ancestor
at level z. Equivalently, [¢], is the set of nodes of the subtree rooted at the ancestor of ¢ at
level . As expected, leaf states are the states that are leaves in this forest. Observe that
more than one level can have leave states.

» Example 3.1. In Figure 1, we show two layered automata, represented as trees. Each
transition system constitutes a level of the tree. The morphisms p,, corresponding to the
parent relation, are represented as dotted arrows.

In these two examples, all leaf states are on the same layer. This needs not to be the case.
Figure 8 (Section 6, Example 6.1) shows a layered automaton with leaf states at different
layers.

a,b,c

Figure 1 Two layered automata, represented as trees.

3.2 Semantics via alternating parity automata

We now define acceptance for layered automata by associating to each layered automaton A
an alternating automaton [A], called the semantics of A; the language of A is defined as the
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language of [A]. The tree structure of A constrains the transitions of [A] to be simple by
priorities. With this semantics in place, we introduce uniform semantic determinism, a slight
strengthening of semantic determinism. This property ensures, that all leaf states with the
same ancestor in layer 1 accept the same language — a constraint we later characterise via
consistency (Section 3.3).

3.2.1 Definition

We associate with a layered automaton A its semantics automaton [A], which is a simple by
priorities alternating parity automaton defined as follows. The states @) are the leaf states of
A. The initial state is any leaf state ¢ with i1(q) = ginit the initial state in 77.2

The transitions are

A:{(qvavx;ql)eQXEX[d]xQ| x = layer(q,a), and }

fio(q) == iz(q') in T

Intuitively, when in a leaf ¢ and given a letter a we consider layer(g,a) = x, that is the
biggest = such that the transition fi,(q) —,, p is defined. There is a transition from ¢ to
every leaf p’ € ji; 1 (p). All these transitions have priority x. If z is odd, Eve chooses a leaf
under p, otherwise it is Adam.

» Remark 3.2. Whenever there is a transition ¢ =% ¢’ in [.A], the there is also a transition
from ¢ to every leaf state ¢ € [¢']., and to no other states. This property justifies the
notation ¢ =% [¢'],.

In the following, we focus almost exclusively on layered automata such that [A] is
semantically deterministic. We actually work with a slightly stronger property.

» Definition 3.3. A layered automaton A is uniformly semantically deterministic if for every
pair of leaf states p ~1 q we have L([A],p) = L([A], q).

As the name suggests we have the following.

» Lemma 3.4. If a layered automaton A is uniformly semantically deterministic then it is
semantically deterministic.

Proof. If ¢ - p; and ¢ —= po in [A], then i1 (p1) = fi1(p2), hence the result. <

In Proposition 3.26 we show that we can check in polynomial time if a given layered
automaton is uniformly semantically deterministic.

» Remark 3.5. If A is uniformly semantically deterministic then 7; admits a morphism into
the automaton of residuals of L = L([.A]): the transition system with states the sets =1L
and transitions u~'L %+ (ua)~'L. This is thanks to our assumption that all states in 7;
are reachable from ginit.

3 Formally, this defines a family of automata. In general, these automata are not necessarily equivalent.
However, for the automata considered in this paper (see notion of uniformly SD and consistency below),
the choice of initial state is irrelevant.
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3.2.2 Examples

» Example 3.6. In Figure 2, we show the alternating parity automaton corresponding to
the layered automaton on the left of Figure 1. It recognises the language

L = Words with finitely many cc and infinitely many aa.

The states are the leaves of the tree. Whenever a letter c is seen from state pp, priority 1
is produced, and Eve can choose to go to any state. Whenever a letter a is seen from state
q1, priority 2 is produced, and Adam can choose to go to q; or go. The rest of transitions
produce priority 3, and correspond to the transitions at level 3 in the layered automaton.

Figure 2 Alternating parity automaton for the layered automaton on the left of Figure 1.

» Example 3.7. In Figure 3, we show the alternating parity automaton corresponding to
the layered automaton on the right of Figure 1. It recognises the language

L= (2*)*(aa + bb)*.

In this case, the automaton turns out to be deterministic. The transition system 77 is the
automaton of residuals of this language, which counts the parity (even or odd) of positions
in the word.

Figure 3 Alternating parity automaton for the layered automaton on the right of Figure 1.

Deterministic parity automata as layered automata. Deterministic automata can be seen
as a special case of layered automata, as shown in the next proposition.

» Proposition 3.8. Let B be a deterministic parity automaton. There exists a layered
automaton A such that [A] = B.
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Proof. Let B>, be the transition system obtained by restricting B to transitions with priority
> z. Let A be the layered automaton with transition systems 7, = {z} X B>, and morphisms
e ((x+1,q)) = (z,q) for all priorities z and states ¢q. (Note that the z-component is just
added for obtaining disjointness of the sets @),.) It is direct to check that [A] = B. <

Minimal HD coBiichi automata. A (nondeterministic) coBiichi automaton is a (X X
[1,2])-transition system. Kuperberg and Skrzypczak showed that history deterministic
coBiichi automata can be pruned not only into semantically deterministic, but also into
safe deterministic automata at the same time. The later property meaning that the non-
deterministic choices only appear in transitions carrying priority 1 [KS15]. Such automata
are simple by priorities automata with priorities [1,2] as for every ¢ € @ and a € X there is
at most one transition g @2 q.

Building on this work, Abu Radi and Kupferman showed that HD coBiichi automata can
be minimised in polynomial time, and that the minimal automaton is unique if it is assumed
1-saturated [AK22]. An automaton is 1-saturated if whenever g LIEN p, then ¢ LEN p’ for all
p’ with L(p’) = L(p). This minimisation is a special of the minimisation of layered automata
presented here.

» Proposition 3.9. Let B be a semantically deterministic, safe deterministic, 1-saturated
coBiichi automaton. There exists a layered automaton A such that [A] = B.

Proof. Let 771 be the automaton of residuals of B and Ts = B>, with p1(q) = L(g). It is
immediate to check that [A] = B. <

3.2.3 From alternating parity automata to layered automata

We have introduced layered automata as a tree shaped structure that is interpreted as an
alternating parity automaton. Here we offer another perspective on this class. We characterise
directly alternating parity automata coming from layered automata in terms of equivalence
relations on states that should be well-behaved.

Consider a simple by priorities alternating parity automaton together with a family of d
nested equivalence relations on its states, that is:

RQXQ2~ 2D2~p 2D - Dy
We consider the following properties. For all a € ¥, « € [d] and p,q € Q:

(z-determinism) If p “% g and p *5 ¢/, then ¢’ ~, q.
(z-coherence) If p ~, p’ and p w2y q then p’ sy q' for some ¢’ ~, q.

(z-saturation) If p =5 g then for all ¢’ ~, g there is a transition p =% ¢'.

» Proposition 3.10. Let B be a simple by priorities automaton. Then, there is a layered
automaton A such that B = [A] if and only if B can be equipped with d nested equivalence
relations ~1, ..., ~q satisfying x-determinism, x-coherence and x-saturation.

Proof. Assume that B = [A] for a layered automaton .A. Then, we can define ¢ ~,, p if
Ha(q) = iz (p) and ¢, p € @>,. By definition of [A], it is immediate that the three properties
hold.

Assume that B can be equipped with d nested equivalence relations ~1, ..., ~q satisfying
the three properties above. Let T, be the transition system having as states the ~,-classes of
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B, and [p], ——, [q]. if p “2¢ ¢’ in B for some ¢’ € [g], (which, by z-saturation, implies that
P v2¢ ¢ for all ¢’ € [g],). These transitions are well-defined by z-coherence. The transition
system T, is deterministic by z-determinism. We define py41([q]z+1) = [¢]x, which is a
morphism by definition of the transitions of 7. The fact that B = [.A] is a routine check. <

We note, however, that it may be possible to equip B with different equivalence relations
satisfying the three properties above. In that case, the proof above provides two different
layered automata A, A’ such that [A] = [A'] = B.

3.3 Semantics via safe languages

This section offers an alternative characterization of layered automaton languages that avoids
explicit reference to alternation. While our earlier definition used the classical concept of
alternating automata and allowed us to introduce uniform semantic determinism, we now
present a more direct approach. We introduce a restriction called consistency directly on
layered automata, which we prove equivalent to uniform semantic determinism. For consistent
automata, we can characterize the language of [A] through an acceptance condition that
does not rely on alternation. This acceptance notion closely parallels the natural color of
words [ES22] and the acceptance mechanisms of rerailing automata [Ehl25], as discussed
further in Section 3.6.

Safe languages. The z-safe language of a state ¢ € Q> is defined as
L,(q) ={w € ¥*UX¥| the run over w from fi,(q) is defined in 7}.

That is, L,(q) are the words on which there is a path from the ancestor of ¢ at level z. Note
that by completeness of 77 we have Li(q) = ¥* U X% for every state g. When we need to
specify the automaton A, we write L(q).

» Example 3.11. For the layered automaton on the left of Figure 1, we have

Ls(q) = Words without the factor cc,
L3(g2) = Words without the factors cc and aa.

We have the following equalities relating the words labelling paths with no priority < z

in [A] and z-safe languages. Recall that we write 2T, if the minimal priority on this path
is > «x.

L,(q) = {w € ¥* UX¥ | there is a path Ji,(q) —», in T}
= {w € ¥* UX¥ | there is a path [¢], WL, iy [A]}
= {w € ¥* UX¥ | no path [¢], — in [.A] sees a priority < z}.
» Definition 3.12. Consider a layered automaton A. A word w € % is ultimately safe in
layer x if there is a decomposition uw’ = w and a state p on layer x such that gne —1 i1 (p)

and w' € L, (p). We say that w is accepted by A if the mazimal layer in which w is ultimately
safe is even. If it is odd then we say that w is rejected by A.

We also introduce a related notion of strong acceptance that allows us to define consistency,
and eventually show the equivalence between acceptance by A and the language of [A]

13
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Strong acceptance. We say that w € X% is strongly accepted by p if w € L,(p), p is
on some even layer x, and for every decomposition w = ww’, there is no p’ € Q.41 with
fz(p) 2 Tiz(p') and w’ € L,y1(p'). The notion of w being strongly rejected is defined
similarly but for x odd.

Intuitively, strong acceptance implies that on every run from [p], over w in [A], only
priorities > x occur and x occurs infinitely often, regardless the choices of the players. As x
is even, all these runs are accepting.

A priori, a word can be both strongly accepted by some state, and strongly rejected by a
different state. We forbid this by imposing an extra condition called consistency, defined
below. We show that under the consistency assumption, all the acceptance mechanisms we
introduce are equivalent: acceptance by the alternating automaton [A], acceptance in A, or
existence (resp. non-existence) of a suffix that is strongly accepted (resp. strongly rejected)
by a state in a suitable residual (see Corollary 3.18).

» Example 3.13. In the layered automaton on the left of Figure 1, any word containing
infinitely many factors cc’s is strongly rejected by the state r € Q1. The state g € Q2 strongly
accepts the words that contain no factor cc and infinitely many factors aa.

The next two lemmas link strong acceptance in A and the acceptance by [A].

» Lemma 3.14. Let A be a layered automaton, p a leaf state. If a word w is strongly accepted
by fiz(p), for some even x, then w € L([A],p). Analogously, if w is strongly rejected by
b (p), for some odd x, then w & L([A],p)

Proof. We show that any run over w from p produces the priority « infinitely often (regardless
the strategies of Eve and Adam). Since w € L, (p), only priorities > x are produced by any
run over w from p. If such a run does not produce priority z infinitely often, then it is of the

’
> o e
form p LN q u, a contradiction. |

» Lemma 3.15. If A accepts w then there is a decomposition uw’ = w and a state p on
some even layer x such that Gnix —1 fi1(p) and w' is strongly accepted from p.

Proof. Consider the maximal layer x where w is ultimately safe, which is even as w is accepted.
By definition, we have a decomposition uw’ = w, with a state p, a path gz —1 fi1(p), and
w’ € L,(p). Tt is direct to check that w’ is strongly accepted from p, because otherwise x
would not be the maximal layer where w is ultimately safe. |

To get the desired characterisation we need one more condition that corresponds to
uniform semantic determinism.

Consistency We say that a layered automaton A is consistent if there is no pair of states
p,p’ € Q>1 with fi1(p) = 11 (p’), and a word w € ¥ such that w is strongly accepted by p
and w is strongly rejected by p’.

As stated below, this notion is equivalent to uniform semantic determinism of [A]. We
show in Proposition 3.26 that this property can be checked in polynomial time.

We state the key result saying that the semantics via alternating parity automata and
via strong acceptance coincide for consistent layered automata. The proof, which requires
introducing longest suffix resolvers in [A], is relegated to Section 3.4 below.

» Theorem 3.16. Let A be a consistent layered automaton. A word w € X% is accepted by
A if and only if w € L([A]). Moreover, [A] is uniformly semantically deterministic.
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» Corollary 3.17. A layered automaton is consistent if and only if it is uniformly semantic
deterministic.

Proof. The left to right implication is given by the theorem above. The other direction
follows directly from the definitions and Lemma 3.14. <

» Corollary 3.18. Let A be a consistent layered automaton and let w € ¥“. The following
are equivalent:

w e L([A]),
w is accepted by A,

There is a decomposition uw' = w and a state p such that giniy —1 [1(p) and p strongly
accepts w', and

There is no decomposition uw' = w and a state p such that gnix —1 11 (p) and p strongly
rejects w'.

3.4 Layered automata are history deterministic and 0-1 probabilistic

In this section we prove Theorem 3.16 and the following propositions.

» Proposition 3.19. For every consistent layered automaton A, the alternating parity
automaton [A] is history deterministic.

We say that a simple by priorities parity automaton A is a 0-1 probabilistic automaton if
for every random walk p over a word w € X% starting in gint, it holds:

Pr(p is accepting ) =1 <= w € L(A), and
Pr(p is accepting ) =0 <= w ¢ L(A).

We note that 0-1 probabilistic automata are good for MDPs in the sense of [HPS'20]
See [BGB12, HPT25] for related notions.

» Proposition 3.20. For every consistent layered automaton A, the alternating parity
automaton [A] is a 0-1 probabilistic automaton.

We start by introducing longest suffix resolvers. This is a class of resolvers witnessing
HDness of layered automata and enjoying some useful properties.

Longest suffix resolvers. For a priority x, a finite word u, and an z-state g, we define the

longest z-suffiz of u to q to be the longest suffix v of u such that p =, ¢ in T, for some p.

Observe that this suffix can be empty.

We let @ and A be the sets of states and transitions of [A], respectively.

The longest suffiz resolver* for Eve is a resolver o : ({ginit} UAT) x ¥ — @Q such that
whenever we have a play py — p —= [q], in [LA] with z odd, Eve chooses any state ¢’ € [¢].
admitting the longest (x + 1)-suffix of va to fiz1+1(q’). The longest suffix resolver for Adam
is defined symmetrically.

The next lemma states the main property of longest suffix resolvers. It guarantees that
a play leaves an odd layer whenever there is a run with this property. The statement uses
a more general notion of a longest suffix resolver initialised to uw € ¥*. Tt is a function

4 Formally, we define a family of resolvers, as there are some non-deterministic choices in the definition.
By a slight abuse of notation, we call the longest suffix resolver any of them.

15
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0w ({Ginit} UAT) x ¥ — @ such that whenever we have a play py — p —= [q], in [.A] with
2 odd, Eve chooses any state ¢’ € [¢], admitting the longest (z 4 1)-suffix of uva to fiz4+1(q");
instead of the longest suffix of va, as a non-initialised resolver would. So the previous notion
amounts to initialisation with the empty word.

» Lemma 3.21. Let x be an odd priority and p a leaf state in a layered automaton A.
Suppose w = ul € X¥ admits a run p wze, q R RN [A] (equivalently, w € L,(p) but
not strongly rejected by [, (p)). Then, for every uy, any longest suffiz resolver o for Eve
initialised to ug ensures that on any o-run on the word w from p, eventually all priorities

are > x + 1.

Proof. Consider a play from p according a longest suffix resolver for Eve, initialised to some
ug, that sees priority x after some prefix uw’ of uw:
u:>x w'i>z o, ax gy
p—q——q —q .
In this case, the longest suffix resolver initialised to wug finds some suffix v of uguw’ with
Poa 411 Hes1(¢") in Toy1 (with p,, some state in this automaton). Observe that by

assumption of the lemma, w’ is a suffix of v since fiz41(q) —= 411 fer1(¢”). So this path
on v can be presented as Pua —Fei1 Guia —er1 Has1(q”), for some v' and Gurq € Tog1-
We call g4 a support of w’a. Now consider the next time when the longest suffix run sees
priority =, namely

oy w' >z

u>x w':>x  , a: 3) b:x
p—q———q —q —(q — .

This means that we have q,/q w—/CL>z+1 Haer1(q”) iﬂ—mﬂ fizt1(¢®) with no b-transition from
ﬁmﬂ(q@)) in 7z11. Hence, gy cannot be a support for w’aw”b and a new support is found
by the reasoning above. This argument shows that each time a play following the longest
suffix resolver initialised to ug meets priority x, one (z + 1)-state is eliminated as a potential
support. Hence, the number of times such a play can see priority x is bounded by the number
of (z + 1)-states. <

For the statement of the next lemma recall that (A, q) stands for A where ¢ is taken to
be the initial state. For layered automata, the initial state should come from layer 1, while
the initial state of [A] is a leaf of A.

» Lemma 3.22. Consider A a consistent layered automaton, q a state of [A], and o and T
longest suffiz resolvers for Eve and Adam in [A], respectively. If a word w is accepted by
(A, 1i1(q)) then every a-run of ([A],q) over w is accepting. Symmetrically, if a word w is
rejected by (A, 1i1(q)) then every T-run of ([A],q) over w is rejecting.

Proof. We start by recalling Lemma 3.15 saying that if w is accepted by (A, ¢) then there is

a decomposition ©’w’ = w and a state p’ on some even layer y such that ¢ L,n 1 (p'), and
w' is strongly accepted from p’.

Suppose the longest suffix resolver of Eve rejects when Eve plays on w in ([A], ¢). Take
a non-accepting run consistent with this resolver,

" w//:>aj .
g p" —=> in [4],

where for some odd z, eventually only priorities > x appear and = appears infinitely often.
We can assume that u’ is a prefix of u”.
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First, we show that w” is strongly rejected from fi,(p”) in A. Since the run in [A] avoids
priorities < x, we have w” € L,(p"). If w” is not strongly rejected, then by Lemma 3.21 the
longest suffix resolver for Eve initialised to u” eventually sees only priorities > x + 1 from
p’’; a contradiction with the fact that x appears infinitely often in the run in [A].

Now let u” = u/v (u’ is assumed to be a prefix of u”). We have a path p’ —, p, in
the even layer 7,, and w” is strongly accepted from p,. Moreover, ji1(p”) = [i1(py). This
contradicts the consistency of A. <

The above lemma implies the first part of Theorem 3.16, stating that for any consistent
layered automaton A, acceptance by A is the same as acceptance by [A]. It also proves
HDness of [A] (Proposition 3.19).

» Corollary 3.23. Let A be a consistent layered automaton. Then, [A] is history determin-
istic, and longest suffiz resolvers are valid resolvers.

It remains to see that a consistent [A] is uniformly semantically deterministic.

» Lemma 3.24. If A is a consistent automaton then it is uniformly semantically determin-
istic.

Proof. We note that the definition of acceptance (by safe languages) in (A, ¢) only depends
on fi1(q). Since Lemma 3.22 holds for any choice of initial state in A, we have that for any

p~14

L([[A]]ap):L(Aap):L(A7Q):L([[A]]7Q)' <

Random strategies. Proposition 3.20 admits an almost identical proof.

» Lemma 3.25. Let p be a leaf state in a layered automaton A. Let uw € ¥¢ admitting a
rUN P wze, q wzetl [A]. Then, any random walk on the word uw from p eventually

produces only priorities > x + 1.

Proof. Let n be the number of leaf states. Let w = uw’aw and let

w>x o, w'i>x gy ax
p——dqd —— ¢ — i
be a random walk from p on a prefix of uw, producing priority x. By assumption, there is at
least one state ¢’ in [G], such that @ € L;4+1(¢"). Therefore, the random walk goes to this
state with probability at least 1/n. The probability of seeing k transitions with priority x
after the prefix u is therefore less than (1 — 1/n)" = 0. <

Proof of Proposition 3.20. Let w ¢ L(A) (the case w € L(A) is symmetric), and let = be
an even priority. We show that the probability that a random walk over w produces = as
minimal priority infinitely often is 0. The probability of this event is the probability of
obtaining a path of the form:

"> . . . .
Ginit — p —=2 producing z infinitely often, with w = uw’.

For every such path gt — p, since w’ € L, (p) and is not strongly rejected by fi,(p), there
u': >z w':>x+1

is a run p , with w’ = w/w”. Therefore, by Lemma 3.25, the probability of

obtaining a path p w2z, producing x infinitely often is 0. <

17
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3.5 Some decision procedures in PTIME

We show that we can check whether a given layered automata A is consistent in polynomial
time. We can also check emptiness and language inclusion of consistent layered automata in
polynomial time.

» Proposition 3.26. [t is decidable in polynomial time whether a given layered automaton
s consistent.

Proof. We check for a pair p,p’ € Q>1 conflicting with the definition of consistency, that
is, 711(p) = p1(p’) and there is a word w strongly accepted by p and strongly rejected by
p’. There are polynomially many candidates, so we can iterate through all of them. Given
p € Qg and p’ € Qu, with z even and 2’ odd, we can check whether there exists a conflicting
word w € ¥* by a game. In this game, a player Prover tries to find a word witnessing an
inconsistency, and Refuter tries to show that the constructed word is not a witness.

The game starts in (p,p’). In each round, Prover plays the next letter, and Refuter
chooses the next pair of states according to the transition function on the chosen letters.
Prover wins if on the run from p only priorities > x occur and x occurs infinitely often, and
on every run from p’ on w, only priorities > x’ occur and z’ occurs infinitely often. This is
a generalised Biichi game which can be solved in polynomial time. We claim that Prover
has a winning strategy if and only if w is strongly accepted by p and strongly rejected by p’.
Clearly, if this condition is satisfied, then Prover can play the word w € ¢, and all the runs
that Refuter can play are such that Prover wins the game.

For the other direction, assume that Prover has a winning strategy in the game and let
her play according to the strategy. Any word produced by this strategy has the property that
all priorities visited from p are > z, and all priorities visited from p’ are > z’. Let Refuter
use a longest suffix resolver in both components for selecting the runs, and let w € ¥“ be
the word produced by Prover’s strategy against this strategy of Refuter. If there is a run
on w from p that does not produce z infinitely often, then this run produces only priorities
> x + 1 from some point onwards. The longest suffix resolver used by Refuter for selecting
the run would then result in a run that sees only priorities > x + 1 from some point onwards
(see Lemma 3.21). Similarly for p’. <

» Proposition 3.27. Given a consistent layered automaton A, we can check in polynomial

time whether L(A) = 0.

Proof. Since we assume that all states in 77 are reachable, L(A) # () if and only if there is
some state py € ()>1 in an even layer = that strongly accepts some word.

We can check if this is the case via a Biichi game similar to the one considered above.
Two players play over pairs (p,q) € Q X Qu+1. The starting position is (pg, o), for gy any
state in u; *(po). At each step, Prover gives the next letter such that the obtained word is
safe from py. The next state p —, p’ is given deterministically. If transition ¢ ——,,1 ¢’
exists, this transition is taken. If not, Refuter can chose to reset to a state in u ' (p’). Prover
wins if there are infinitely many resets at level x + 1. It is clear that Prover wins this game if
and only if py strongly accepts some word. Indeed, Refuter can use the longest suffix resolver
to win whenever the produced word is not strongly accepted. <

» Proposition 3.28. Given two consistent layered automaton A and A’, we can check in
polynomial time whether L(A) C L(A").

Proof. We show that we can reduce this problem to solving a Rabin game with 3 Rabin
pairs of polynomial size. This allows to conclude, as solving Rabin games with a fix number



A. Casares and C. Léding and |. Walukiewicz

of Rabin pairs can be done in polynomial time (see e.g. [FAA125, Thm. 3.1]). The winning
condition is in fact slightly simpler: if the game stays in the first phase Prover loses, otherwise
Prover wins in phase 2 if two Biichi conditions are satisfied.

In this game, Prover tries to show that L(A) ¢ L(A’) by giving a word in L(A) \ L(A’).
Prover gives letters one by one. In a first phase, these letters determine two runs:

ai az as . / ai /a2 /7 as . !
Gnit —>1G2 —>1q3 —>1 ... n Ty and  Guy —>1¢a —>1G3 —>1 ... inTy.

At any point, Prover can decide to enter a phase 2 in A: he goes to some pair (p;, $;),
with p; € iy '(¢;) in some even layer T, and s; € p;*(p;). Similar, at any point Prover
can enter a phase 2 in A, going to (p},s}), with p} € Ji;*(¢}) in some odd layer 7/, and
)

If for A or A’, Prover never enters phase 2, then he loses.

When automaton A is in phase 2 and in a pair (p;,g;), the game is as in the previous
proposition. The transition p; —, pi+1 must exist (else, Prover loses automatically). If the
transition ¢; —,1 ¢i+1 exists in 7,41, then we go to ¢;4; in the second component. If this
transition does not exist, then this is an accepting edge for the first Biichi condition, and
Refuter resets the second component to any q; 11 € p; t(pit1)-

Phase 2 in A’ is identical. We follow the run in 7, in the first component, which must
exist (else, Prover loses). Refuter can choose how to reset the second component in 7.,
whenever necessary. Each time a reset happens, we see an accepting edge for the second
Biichi condition.

It is clear that there exists a word in L(A) \ L(A") if and only if Prover can see infinitely
often edges in both Biichi conditions. |

3.6 Connections and comparison with other models

In this section, we discuss how layered automata relate to other models from the literature.
Sometimes we refer to the minimal layered automaton for a language that is introduced in
Section 4. We leave for future work a thorough analysis on the size of layered automata
compared to other representations of w-regular languages; we include here just some remarks
on this matter.

Deterministic and alternating automata. First, we notice that consistent layered automata
can be exponentially smaller than deterministic automata, as this is already the case for HD
coBiichi automata [KS15, Thm. 1]. On the other hand, they can be doubly exponentially
larger than alternating parity automata. The double exponential gap already occurs for
automata over finite words [CKS81, Thm. 5.3]. It transfers to consistent layered automata
because on the first layer they need to have at least as many states as there are residuals in
the language.

Minimal HD coBiichi automata. As discussed in Proposition 3.9, minimal HD coBiichi
automata can be seen as a special case of layered automata. The properties characterising
minimal layered automata that we introduce in Section 4 are a generalisation of the notions
of safe minimality and safe centrality introduced by Abu Radi and Kupferman [AK22].

Muller languages. The reader familiar with Zielonka trees [Zie98] and their parity au-
tomata [DJW97, CCFL24] may have noticed close resemblances between layered automata
and these notions. Indeed, it is not difficult to see that the Zielonka tree of a Muller language
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L can be taken as the tree of a layered automaton recognising L. In this case, the associated
automaton [A] is deterministic by pruning. Any such pruning produces the deterministic
parity automaton of the Zielonka tree for the language L. We refer to [CCFL24, Section 4]
for definitions on the parity automaton of a Zielonka tree.

Positional languages. In 2024, Casares and Ohlmann characterised which w-regular lan-
guages are positional, that is, languages L such that the existential player can always play
optimally using positional strategies in games with winning condition L [CO24]. In this
characterisation, they use so-called signature automata. It turns out that signature automata
are just layered automata with extra properties that ensure positionality.

More precisely, we can restate their characterisation (point (2) in [CO24, Thm. 3.1]) as
follows: An w-regular language L is positional if and only if the minimal layered automaton
Ay, is such that:

1. Nodes at even layers have at most one child,

2. For each x, the states in every SCC of T, are totally ordered by inclusion of x-safe
languages,

3. The residuals are totally ordered by inclusion (this can be seen as a special case of the
previous condition), and

4. Each even layer x is progress consistent. That is, if p >, ¢ and L. (p) € L.(q), then u®
is strongly accepted by p.

Chains of coBiichi automata (COCOA). In [ES22], Ehlers and Schewe propose to represent
an w-regular language by a decreasing sequence of coBiichi languages Ly D Ly D --- D Lg,°
where L, are the words that are not at home at level z — 1 (we refer to [ES22, Def. 1, Thm. 7]
for definitions®). A word w is in the language L represented by the chain if the maximal
index x such that w € L, is even.

It is straightforward to obtain a COCOA representation from a consistent layered au-
tomaton. For every layer x define an HD coBiichi automata from the transition system 7T,
by interpreting the existing transitions as 2-transitions of the coBiichi automaton, and for
all missing transitions adding 1-transitions to all states of the corresponding residual class.
Therefore, the size of a COCOA representation of a language is never bigger than the size
of the minimal layered automaton for that language. But the minimal layered automaton
may be exponentially larger than the minimal COCOA for a language, as illustrated by
Example 3.29 below.

Since COCOA represent languages as Boolean combinations of coBiichi automata, it is
therefore not surprising that they are smaller than a representation by a single automaton.
In order to use COCOA in applications like synthesis, one needs to obtain a history deter-
ministic automaton from it. This requires to make a product of all the coBiichi automata
that constitute it [EK24a]. Therefore, the number of states of the final alternating parity
automaton coming from a COCOA may be exponentially larger than the alternating parity
automaton given by a layered automaton. In Example 3.30 we give such an example.”

wt

The definitions in [ES22] use 0 as minimal color, whereas we use 1 as minimal layer. As mentioned in
[ES22], the definitions can easily be adapted to the setting with 1 as minimal color.

5 We believe that in [ES22, Thm. 7] it should read “i.e., w is not at home in color i — 17,

We consider here the naive product of [EK24a]. They also define a reduced and an optimised product
that ignores some product states. A more fine-grained comparison of these products with layered
automata is left as future work.
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Moreover, the languages of this example is prefix-independent (it has a single residual), so
this blow-up is not due exclusively to taking a product of all residuals of the language.

One of the central definitions in [ES22] is the natural color of a word w with respect to a
language L. We believe that the natural color is visible in the minimal layered automaton
for L, namely it coincides with the maximal layer x in which w is ultimately safe.

» Example 3.29. The language in this example is a minor modification of a language used
in [ABF18] for showing an exponential gap between saturated families of DFAs and DPAs.
Let ¥ = {1,...,k} and consider the language L of all w € X¥ satisfying the following two
conditions:

w contains an even number of different letters infinitely often,
from some point onwards, for every two-letter infix ij, we have j € {1,...,i+ 1}.

The second condition ensures that for all words in L, the set of symbols that occur infinitely
often forms an interval inside {1,...,k}. For k = 4, the minimal layered automaton for this
language is shown in Figure 4. The automaton has k + 1 layers. Since the language is prefix
independent, the first layer has only one state looping on all letters. For x > 1, the SCCs
on layer x correspond to the intervals of size kK — x 4+ 2. However, an interval might appear
several times. For example, on layer 4, the interval [2, 3] appears twice because it is contained
in [1,3] and in [2,4]. And on layer 5 the singleton interval [3, 3] appears three times because

it is contained in [3,4] and in [2, 3] which itself appears already twice on the previous layer.

Because of the binary tree structure starting from layer 2, there are 2+~!

states on layer
k + 1. These are the states used by the corresponding alternating HD automaton. If one
builds the COCOA for this language, then each interval appears only once on each level of
the COCOA, so the number of states of each coBiichi automaton in the COCOA is at most
quadratic in k.

As a further remark, for those readers familiar with w-semigroups, the size of the syntactic
w-semigroup of this language is of order k* because an element of the semigroup only needs
to store the first, last, minimal, and maximal number occurring in a word. The first and the
last number in a word are needed to keep track of the second condition when concatenating
two words. And assuming that the second condition is satisfied, the number of different
letters occurring infinitely often can be derived from the minimal and maximal number
occurring infinitely often, because letters can increase by at most one in each step.

» Example 3.30. Let ¥ = {a1,...,ax,b1,...,bx, c} and consider the language containing
all words satisfying one of the following two conditions:

{b1,...,br} occur finitely often, and min({k+1}U{z | a, occurs infinitely often} is even,
or
{a1,...,ar} occur finitely often, and min({k+ 1} U{x | b, occurs infinitely often} is even.

That is, this is the language of words where one sort of the numbered symbols occurs finitely
often, while the parity condition is satisfied on the other sort of symbols (the k + 1 in the
minimum takes care of the case that only ¢ occurs infinitely often). The minimal layered
automaton needs two strands for checking the two parity conditions, as shown in Figure 5
for £ = 4. The minimal COCOA is obtained by taking each layer x, interpreting the loops
on the states as 2-transitions, and saturating it with 1-transitions for the missing letters on
that layer. Taking the (naive) product of these coBiichi automata, results in exponentially
many states, most of which only have a c-loop.
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2
12 203 2 3 T 3. 4
SN wly 3 3 v sy g
1: L2 2: 23 2 23 3 4

g & & & & & & 8

Figure 4 The layered automaton for £ = 4 in Example 3.29. In each SCC on each layer, all edges
going to the same state have the same label. For readability, we have omitted the labels for the
edges from right to left on layers 2 and 3.

b
az,as, ay, c dQ Q@ b2, b3, b4, c
as, a1,c O O b3, bac
as,c 2O O b c
c =20 Q@ c

Figure 5 The layered automaton for k = 4 in Example 3.30.
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Rerailing automata. In 2025, Ehlers introduced rerailing automata [Eh125], a kind of
automata with specific semantics: a word is accepted if the maximal priority of its runs is
even.

We believe that a consistent layered automaton A can be transformed into a rerailing
automaton by further saturating [.A]. More precisely, whenever there is a transition p 25 9],
we can add transitions p RN lq], for all y < o without changing the language recognised by
the automaton. The automaton obtained in this way has the rerailing property. Moreover, a
word is accepted by A if and only if it is accepted with the semantics of rerailing automata
after saturation.

For the other direction, it is unclear to us if rerailing automata are layered, or even simply
HD alternating. However, it may be the case that the minimal rerailing automaton of a
language and its minimal layered automaton are essentially the same object.

4 A canonical minimal layered automaton

In this section, we show that each w-regular language admits a unique minimal consistent
layered automaton. This automaton is characterised by three properties: normality, centrality
and safe minimality (extending the properties of minimal HD coBiichi automata [AK22]).

» Theorem 4.1. Let A and B be two equivalent consistent layered automata that are normal,
central and safe minimal. Then, A and B are isomorphic (as layered automata).

Two layered automata A, B are isomorphic if there is a bijective function between their

states that preserves both the structure of the transition systems and the tree structure.

That is, a function ¢: A — B such that the restriction to each layer 7, is an isomorphism
of transition systems and preserving the child relation given by the morphisms pu,. (See
Section 5.1 for further definitions on morphisms of layered automata.)

4.1 Normality, centrality and safe minimality

We define the three properties that identify minimal consistent layered automata.

» Definition 4.2. A layered automaton is in normal form if for all x > 2 and q € Q, the
following two properties hold.

N1 If ¢ 5, ¢ for some u € ¥* then ¢ >, q for some v € B+,
N2 For all p € p;(q), there is some u for which q %, is defined in T, but p .1 L in
Torr.

Being in normal form ensures that there are no evidently useless transitions, and moreover
the priorities of transitions in [A] cannot be lowered without modifying the recognised
language. The first property means that each 7, is a union of non-trivial SCCs. Intuitively,
this can be achieved just by removing transitions changing of SSC. A removal of such
transition leads to its priority being lowered to # — 1 in [.A]. This does not change the
accepted language, as such a transition cannot appear infinitely often on a run without
another transition of priority < z — 1 appearing infinitely often too.

The second property says that u, does not completely cover all edges of some SCC of T,
or in other words that the safe languages of children are always strictly included in the safe

language of the parent. Otherwise, the SCC of p does not strongly accept/reject anything.

> .
In the semantics automaton the property means that if p =%, then there is u and a run
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u:xr . o . . .
p — from p producing = as minimal priority.

An 2-SCC of a layered automaton is just an SCC of T,. The next property requires that
no z-SCC can be simulated by another one. We define this formally below.

» Definition 4.3. For x > 2, and p,q € Q, we define p < q if p ~z—1 q (that is,
pa—1(q) = pa—1(p)) and Ly (p) € La(q)-

» Definition 4.4. A layered automaton is centralised if for every x > 2 and for all states
D,q € Qu, if p <4 q then p,q are in the same ©-SCC.

Intuitively, if p <, ¢ are in different z-SCCs, then the x-SCC of p and all its descendants
can be removed. Because p <, ¢, this removal does not change anything about words being
strongly accepted/rejected in the parent SCC of p and g. Therefore, such states can be
removed without changing the language of the automaton.

Finally, on each layer we can perform a similar minimisation construction as for finite
automata by merging all states on layer x that are language equivalent for all layers y < x.
We define by induction on z the relation p =, g, for p,q € Q>,:

p~1q iff L(p)=L(g), and
prgyq iff pry_1q and L,(p) = L,(q) (for z > 1).

» Definition 4.5. A layered automaton is safe minimal when for all x > 1 and states
P4 € Qu: if py q thenp=gq,

» Remark 4.6. In a consistent layered automaton ~, C =, for all . This is because p ~, ¢
means [i,(p) = fiz(¢). By the consistency assumption, L(p) = L(q), and for 1 < y <
the equality L,(p) = L, (q) follows trivially. Safe minimality says that the safe language
equivalence implies ~,. Namely, if p,q € Q, with L(p) = L(¢q) and L,(p) = L,(q) for all
y < x then p = q.

4.2 Central sequences

As an important technical tool for minimal layered automata, we introduce the notion of
a central sequence of a state p, which is a finite word that identifies the state p uniquely
(extending the synchronising property from [CO24, Sect. 4.2.2] and the notion of central
sequence for coBiichi automata from the full version of [LW25]). The three properties
normal, safe minimal, and centralised characterize minimal layered automata (as stated in
Theorem 4.1), and they also guarantee that every state has a central sequence (Lemma 4.7).
This is an important step towards showing Theorem 4.1.

Let A be a layered automaton and p € Q, an z-state. We say that z, € X7 is a central
sequence for p if:

Zp .
p—epin Ty
z z
for all ¢ € Q, with ¢ ~,_1 p, either ¢ =, p or ¢ =, L;
for all ¢’ € Q41 with ¢’ ~,_1 p we have ¢’ Z—p>w+1 1.

In [A], this means that p AN [p]z, and that from any other state in [p],_1, either

: << . . . . .
q AN [pls or ¢ ﬂn meaning z, produces a priority < z. Observe that the third condition
is needed to ensure that the runs in question do not have priority > x.
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» Lemma 4.7. Let A be a normal, centralised and safe minimal layered automaton. Then,
for every x > 2, every state p € QQ, admits a central sequence.

Proof. Let P, = {p1,...,pr} be the z-states in [p],_1.

Assume first that p is <,-maximal in P,. By safe minimality of A, there is no p’ €
P\ {p} with L,(p’) = L,(p). Since p is <,-maximal, for every p’ € P, \ {p} we can find
vy € Ly(p) \ Ly (p'). By normality, we can assume that p im p.

Let ug € % such that p =%, p and p; ' (p) ~>,11 L (which exists by normality). Define
u; by induction:

If p; b)x 1L or p; bx p then u; = u;_1.
If p; u;>x p’ # p, then we take the v, chosen above and define u; = w;_1v, .

It is easy to check that uy is a central sequence for p.

Assume now that p is not <,-maximal. Let p’ be a <,-maximal state in P with p <, p'.

As the automaton is centralised, p and p’ are in the same SCC of T,. Let u,v be words such
that p =, p’ =, p. By the previous case, p’ admits a central sequence zp. It is easy to
check that uz,v is a central sequence for p. |

4.3 Uniqueness of minimal layered automata

We are ready to prove Theorem 4.1.

» Theorem 4.1. Let A and B be two equivalent consistent layered automata that are normal,
central and safe minimal. Then, A and B are isomorphic (as layered automata).

Let A and B be two consistent layered automata for L that are normal, central and safe
minimal. We should construct an isomorphism ¢ : 4 — B. Such an isomorphism can be
equivalently written as a sequence of isomorphisms of transition systems ¢, : ;A — 7.5
compatible with the u,-functions. We build this sequence inductively on z.

The first layers 7;* and 7% both consist of the residual classes of L, and therefore there
is an isomorphism ¢; : 774 — T8, Now assume that we have constructed isomorphisms
©1,---,Pz—1 up to layer z — 1 and want to extend it to layer z. First, we show that for each
r-state p of A with parent pz* |(p) = r, there is an z-state ¢ of B with parent ¢, _1(r), such
that ¢ and p have the same safe language (Claim 4.8). By safe minimality, such a state ¢
is unique. We then define ¢, (p) = g. The roles of the two automata are symmetric in the
proof, so we get that both automata have states for the same safe languages on layer x. This
implies that ¢, is an ismorphism between 7;* and T.® (Claim 4.9). Moreover, by definition,
¢, is compatible with the j,-functions: o, 1(uz 1 (p)) = uB_ | (¢=(p)). This concludes the
proof of Theorem 4.1.

> Claim 4.8. For each a-state p of A with parent ! | (p) = r, there is a unique z-state ¢
of B with parent ¢, _1(r) such that L,*(p) = L.5(q).

Proof. Unicity of g directly follows from safe minimality. We show existence via the following
construction, which is illustrated in Figure 6. Let p be a x-state of A with parent r, and
let ¢,_1(r) = s be the state on layer x — 1 of B that r is mapped to. Let z, be a central
sequence for p. Then z; generates minimal priority  when read in [A] starting from any
state p’ ~, p. Moreover, we have that z, loops on 7 since it loops on p, and thus, z, also
loops on s in B because layers x — 1 of A and B are isomorphic. Therefore, 2 generates
minimal priority at least x — 1 when read from s in B. Since r and s are language equivalent,
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there needs to be some child ¢’ of s such that zy is x-safe from q¢’. Let g be such that

q Z—p>w g. Note that g also has parent s because z, loops on s.

Let z, be a central sequence for ¢, and w be such that ¢ e (which exists because
B is normal). Note that z, and w loop on s and hence also on r. The w-word (zqwzp)"
produces priority « when read starting from ¢ in 5. Since p and ¢ are language equivalent
(because their parents are), it has to be possible in A to produce a priority > x on (zqwzp)*
from a child of r. Since z, is central for p, such a run is in p after the first z,wz,, and hence
(zqwzp)*¥ must be safe from p. Let p1,pe such that p SN p1 —> po. Since zp is central for p,
we get that po AN p.

We claim that L7 (p) = LZ(q). Assume the contrary. The first case is that there is
u € L,(p)\ L.(g). Since A is normal, we can choose u such that it loops on p. Hence it also
loops on r and s. Then the w-word (z,wz,u)¥ generates priority x from p and priority z — 1
from ¢. The latter holds because either priority  — 1 is generated on z,, and if not, then
the state after z, is ¢ and hence also after z,wz,, and thus priority z — 1 is produced on w.
Since p and ¢ are language equivalent, this is a contradiction.

The second case is that there is v € L;(g) \ L(p). Then we get that (zqwz,v)* generates
priority x from ¢ and priority x — 1 from p using the same type of argument as in the first

case. <
Zpy Zq, W Zp;y Zq, W
r S Tz —1
AN, AT
Zp: X oo ) Zg: T

Figure 6 Illustration for the construction of the isomorphism in the proof of Claim 4.8.

We let ¢, (p) = ¢, for ¢ the unique z-state in B satisfying ¢, 1 (2 ;(p)) = p5_,(¢q) and
LA (p) = L. (q)-

> Claim 4.9. The function ¢, is an isomorphism of transition systems.

Proof. We first show that ¢, is a morphism. Let p —*, p’ in A and ¢ = ¢, (p). Since

L."(p) = L,B(q), there is a transition ¢ —, ¢’ in B, and L,A(p') = L,B(¢'). If r is the

parent of p we have r - 7/ for some 7 in A. By definition of ¢, (p), the parent of ¢ = @, (p)

is ,_1(r). By isomorphism, ¢g_1(r) — @,_1(r’") thus @,_1(r’) is the parent of ¢’. So by
definition, we have ¢, (p’) = ¢’. Thus, ¢, is a morphism, as desired.

By Claim 4.8, ¢, is a bijection, and the function ¢! is also a morphism by symmetry.

<

5 Minimisation in polynomial time

This section presents a minimisation procedure for consistent layered automata. More
precisely, the procedure constructs the unique minimal layered automaton appearing in
Theorem 4.1. The procedure establishes that every consistent layered automaton contains a
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subautomaton admiting a surjective morphism into this minimal automaton, thereby proving
canonicity. We formalise these notions through morphisms of layered automata, which we
introduce in Section 5.1.

» Theorem 5.1. Let A be a consistent layered automaton. We can build in polynomial time
an equivalent consistent layered automaton Ay that is normal, central and safe minimal.

Moreover, A contains a subautomaton® that admits a surjective strong morphism to Ay, .
In particular, Ar, has no more states nor leaf states than A.

Together with Theorem 4.1, this gives us minimality and canonicity of normal, central
and safe minimal consistent layered automata.

» Corollary 5.2. Let A be a consistent layered automaton that is normal, central and safe
minimal. Then, any equivalent consistent layered automaton A contains a subautomaton that
admits a surjective strong morphism to Ap. Therefore, A has at least as many states as Ag,
and [A] has at least as many states as [AL].

The rest of the section is devoted to the proof of Theorem 5.1. We start by introducing
morphisms and proving some technical lemmas that are used to show correctness of the
minimisation procedure.

5.1 Morphisms of layered automata

A morphism between two layered automata A and A’ is a function ¢: Q>1 — Q4 that
preserves the structure of the transition systems and the ancestor relation in the tree
representation. That is:

<P(Qinit) = qi/nit7
if ¢ <, ¢’ in Ty, then ¢(q) =, ¢(¢') in T, for y = layer(¢(q)), and

if p is an ancestor of ¢ in A, then ¢(p) is an ancestor of ¢(g) in A’.

We say that it is a strong morphism if moreover it preserves non-transitions, that is:

if ¢ %+, L, then ©(q) i>y L.

Note that, while states may change layer via ¢, some rigidity is imposed by the conditions.

Notably, if g € @, is sent to 7;’, then all states reachable from ¢ in 7, are also sent to the

layer y. In particular, due to our reachability assumption, all states in 77 are sent to 77 .
A morphism of layered automata ¢ is an isomorphism if it is bijective and ¢~! is also

a morphism. Note that in this case it preserves layers, that is, ¢ 0, 1s an isomorphism of

transition systems from 7, to 7.

Subautomata. A layered automaton A’ is a subautomaton of A if there exists an injective
morphism ¢: A" — A.

Note that A’ may be obtained not just by removing states from some layers in A, but
also by changing some SCCs from one layer to another.

8 We note that this subautomaton may not be consistent.
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Morphisms preserving strong acceptance. In the upcoming sections, we start with a
consistent layered automaton A and tweak it to obtain a modified automaton A’. In all
except one modification, we obtain A’ by removing states or transitions of A in such a way
that there is an injection A’ < A. In two out of three cases the correctness of this operation
is ensured by Lemma 5.3 below. In the safe minimisation step (Section 5.3), A’ is obtained
by merging states of A, which leads to a surjection A — A’.

We say that a morphism of layered automata ¢ : A" — A preserves strong acceptance if
for every p’ € Q4 and every w € ¥* we have:

if w is strongly accepted by p’ then w is strongly accepted by o (p’),
if w is strongly rejected by p’ then w is strongly rejected by ¢(p').

» Lemma 5.3. Let ¢ : A" — A be a morphism that preserves strong acceptance. If A is
consistent then A’ is consistent and L(A") = L(A).

Proof. Take p} ~1 ph in A’. Towards a contradiction suppose w is strongly accepted by
p} and strongly rejected by py. By the morphism property we have ¢(p;) ~1 ¢(p2). Then,
since ¢ preserves strong acceptance, w is strongly accepted by ¢(p}) and strongly rejected
by ¢(ph). A contradiction with consistency of A.

If w is accepted by A’ then by Lemma 3.15 there is a state p together with a decomposition
uw’ = w such that ¢, — fi1(p) and w’ strongly accepted from p. Then in A we have giniy —
f1(p(p)) and w' is strongly accepted from (p). By consistency of A’ and Lemma 3.15, w
is accepted by A’. The argument when w is rejected by A’ is analogous. |

5.2 Normalisation

Let A be a consistent layered automaton. We construct an equivalent automaton satisfying
both N1 and N2 in two steps. First, we ensure N1 by separating any SCCs that have
transitions between them. Then, we establish N2 without affecting N1.

5.2.1 Separating SCCs

In order to ensure property N1 we separate every 7T, into disconnected, non-trivial SCCs. Let
us fix z > 1 and suppose that in 7, there is a transition p —, ¢ of T, such that the two
states are not in the same SCC. (Such a transition can be detected in linear time performing
a SCC decomposition [Tar72].) The operation is simply to remove the transition p 5. q
from 7, and all transitions mapping to it via fi, in 7T, for y > . We also remove trivial
SCCs that may have been generated (states in 7, with no outgoing transition) until there
are no such states in the result. Let us denote the resulting automaton A%°P.

» Lemma 5.4. Let A be a consistent layered automaton. Then, AP is consistent. Moreover,
L(A*P) = L(A), and A*°? is a subautomaton of A.

Proof. We show that the mapping ¢: A — A given by ¢(p) = p is an injective morphism
that preserves strong acceptance. The result then follows by Lemma 5.3. The fact that ¢ is
a morphism and injective is straightforward.

Let w be strongly accepted by p in A*? (the case strongly rejected is symmetric). In
particular, w € LA™ (p), so w € L7 (p) by the morphism property. Assume by contradiction
that w is not strongly accepted by p in A, that is, there is a decomposition w = uw’ and
state q€ Qz+1 with p 5, fiz(q) in A and w’ € LY, | (q). Let w’ = u/w"” such that the run

q —>x+1 q —>x+1 does not change of SCC during the suffix w”. Then, w” € L;“J:f( ).
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Therefore, the decomposition w = wu’ - w” witnesses that w is not strongly accepted by p in
A®P | a contradiction. <

After applying this operation we remove at least one transition. So, by repeating
this operation at most |Q21|2 times we obtain an equivalent consistent subautomaton
satisfying N1.

5.2.2 Lowering

We suppose that A satisfies the property N1, and we make it satisfy N2 without affecting N1.
Let us suppose that N2 does not hold for a state ¢ at level . This means that ¢ has a child p
such that for every u € £* such that ¢ =, is defined, we also have p =, 1 defined. (We can
detect in LOGSPACE if there is such a pair of parent and child, as this simply corresponds to
equivalence of deterministic safety automata.) Take S,1, the SCC of p in 7,11, as well as
Sy, the SCC of ¢ = p,(p) in T,. We have that S, is covered by S,41, meaning that for every
p’ € S,41 whenever there is a transition u,(p’) ——, then we also have p’ —,,1. In [A]
this means that states mapping to S;y1 do not have outgoing transitions of priority x; if
lzs1(p') € Spy1 then for no a there is a transition p’ =% in [LA]. We show how to eliminate
such a covered SCC S, at level z.

Here is a small lemma saying that SCCs at higher levels are included in SCCs of lower
levels.

» Lemma 5.5. Let S C Q. be an SCC in T, and S" C Quy1 be an SCC in Tpyq. If
pe(S"YNS # O then p,(S) C S.

Proof. This is just because u, preserves paths. |

Suppose A satisfies N1 and fix S, Sy+1 such that S, is covered by S,+1 as described
above. For every y > x + 2 let S, be the part of 7, induced by states of 7, mapping to
Sgt1, namely by {p € Ty : lig+1(p) € Sz41}. Similarly, for y > = + 1, let Z,, be the part of
7, mapping to S, namely induced by states {p € Q@>, : lix(p) € Sz }. We need to make a
difference between states mapping to S, and to S;41, as even though S, is covered by S;41
there may be states outside S;; mapping to S;. Observe that by Lemma 5.5, every S, and
Z, is a set of SCCs in 7,,.

» Example 5.6. Before giving the general definition of the lowering operation, consider the
example automaton shown on the left-hand side in Figure 7. There are several candidate
SCCs at which the lowering operation can be applied. For this example, we pick S, = {p2}
and S;11 = {p3}, so = 2 in this case. Note that both states loop on a,b, so S, is covered
by Sy+1. The collections of SCCs that are mapped to S,11 by fi3 are Sy = {p4,q4} and
Ss = {g5}, and the collections of SCCs that are mapped to S, by fia are Zs = {ps,r3},
Zy = {pa,qs,74}, and Zs = {g5,75}. The automaton A" is obtained by removing Z, from
layer y, and adding Sy42 to layer y for every y > x. The result is shown on the right-hand
side of Figure 7. The parent relation is preserved for all states except for the ones in S, 2,
which is Sy in this case. The new parents of p, and g5 are now fi,—1(ps) and fi,—1(gs),
which are both p;. This corresponds to the third case in the definition of ,ugl/"l”l below. The

low

y—1
to shift indices compared to p. So we get 1’“(qs) = pa(gs) = ga- This is the second case in
i
were not deleted (those that are in Qé"“’ and in Q) is just copied, as for go in this example:

pte¥(go) = p1(ge) = p1. This is the first case in the definition of u°% below.

parent of g5 is still ¢4, but since the states changed the layers, the definition of y needs

the definition of u below for y = 3. The parent of states that did not change layer and

low
y—1
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A a,b,c B v
¢@ za D
) @ G
D o=y

Figure 7 Illustration of the lowering operation for establishing N2 from Example 5.6.

A new layered automaton A" is obtained by lowering some components.

low _ {(EZQ)USZH‘? y =,

Ty otherwise.

py—1(p) ifp € Qy,
For p € Tl"w y > 2 we set pl"w (p) = py+1(p) ifp € Syto, y >,

ﬁw—l(p) lfp € S;z:+2-

That is, the SCCs in 7, that have S, as ancestor (that are mapped to S, by [,) are
overwritten by the ones in Ty4+2. So Sy is replaced by S;42, while not only Sy but all the
SCCs on layer x + 1 mapping to S, are replaced with S, 3. In terms of [A°*] this means
that priorities of transitions coming from states mapping to S, are lowered by 2, and some
states are removed.

» Lemma 5.7. Let A be a consistent layered automaton satisfying N1. Then, A is
consistent, and satisfies N1. Moreover, L(A"*") = L(A), and A% is a subautomaton of A.

Proof. The automaton A" satisfies N1, as no transitions between SCCs are added.

To check that A% is a subautomaton of A we verify that the identity mapping ¢: A" —
A is an injective morphism. Clearly if p —, ¢ in A" then p(p) —. ©(g) in A where
z =1y + 2 or z =y depending on whether p € S,12 or not. The property of preserving the
ancestor relation follows from the definition of ul"“’ This is because A satisfies N1, and
Al is obtained by removing whole SCCs. Observe that if p € S,.5 then p is on layer x of
Alew on layer x + 2 of A, and p(u,_1(p)) is on layer 2 — 1 of A. So ¢ preserves the ancestor
relation but not the parent relation.

We claim that if w is strongly accepted from p on layer y in A* then there is a
decomposition uw’ = w and a state g such that p — 7i.(q) and w’ is strongly accepted
from ¢ in A; here z = y + 2 or z = y depending on whether p € S, or not. We also have the
analogous statement with the roles of accepted/rejected interchanged.

To show the claim take w that is strongly accepted or strongly rejected from p on layer y
of A%, If p € Sy42 then the whole run on w from p is in Sy 42 because S, is a union of
SCCs by Lemma 5.5. But then all states of layer y + 1 of A% mapping to S, 2 are in S, 3.
So strong acceptance/rejection of w from p also holds in 4. Thus, the claim is true for the
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trivial decomposition u =€, w’ = w and ¢ = p. If p € T, for y # « — 1 then the argument is
the same because the run on w stays in 7,.

The remaining case to complete the proof of the claim is when p € T°%. For the ease
of writing assume z — 1 is even, so w is strongly accepted from p in A%, The other case
is the same. Suppose w is not strongly accepted from p in A. This means that there is a
decomposition uw’ = w and a state ¢ on layer = such that p —, 1 u,_1(q) and w’ € L,(q)
in A. Clearly, ¢ € S,, as otherwise w would not be strongly accepted from p in A" Since
S, is covered by S;41 there is ¢/ in S,41 with p.(¢') = g, W' € Ly41(¢'). If w’ is strongly
accepted from ¢’ then we have proved our claim as p ——,_1 fiz—1(¢'). Otherwise, we have a
decomposition v'w” = w’ and a state ¢’ on layer x + 2 such that ¢’ L,m“ tat1(q"”) and

w” € Lyyo(q”). But then in A" we have p —,_1 pe—1(q) N fe—1(q"), because z — 1
layers of A and A" are the same; and w” € L, (ul*(¢")), because ¢" € S,2. Moreover,
fz—1(q") = pul°® (¢"") by definition. This is a contradiction with w being strongly accepted
from p in A°v,

Equipped with our claim we can show that A" is consistent. For this suppose to
the contrary that there are p; ~ ps and w such that w is strongly accepted from p; and
strongly rejected from p, in A", By our claim there are states ¢, ¢z and decompositions
uw, = ugws = w such that p; —; Ly, (q1), P2 A2 Ly, (g2), and wy strongly accepted
from ¢; in A and ws strongly rejected from ¢, in A. As A is consistent, by Corollary 3.18
this would mean that ujw; = w is accepted by A, and usws = w is rejected by A. A
contradiction.

Finally, we show that L(A) = L(A"%). If w € L(A"") then by Corollary 3.18 there is a
decomposition uw’ = w and a state p such that ginit 2 f1(p) and w' is strongly accepted
from p in A", From our claim it follows that there is a decomposition u/w” = w’ and a

state ¢ in A such that gine —1 fi1(q) and w” is strongly accepted from ¢ in A. Thus, by
Corollary 3.18, uu'w” = w is accepted by A. The case when w ¢ L(A") is the same. <

After each lowering operation we remove entire SCCs, because of Lemma 5.5, so N1
property still holds. When there are no covered SCCs we obtain an equivalent subautomaton
that in normal form, namely, satisfying both N1 and N2. Finding a covered SCC and
removing it can clearly be done in PTIME.

5.3 Safe minimisation

We show how we can safe minimise a layered automaton while maintaining normalisation.

Recall that p ~, ¢ if p and ¢ are language equivalent and L, (p) = L,(g) for all y < z, and
that an automaton is safe minimal if ~, and ~, coincide. First, we obtain directly from the
definition that the ~, relation is a bisimulation in 7.

» Lemma 5.8. Let p,p’ € Qp such that p~y p'. If p—, q thenp' =, ¢ and ¢ ~4 q .

The desired safe minimal automaton A*™" is the automaton obtained by using ~,
equivalence classes as z-states. In the following, when using the notation [¢]~,, we assume
that ¢ € Q. Formally, AS™" is given by:

7;smin — (Q;min’ 5;min) with
Q;Inill — {[q]zL | q € QI}’
[02(q,a)]~, if 8:(q,a) defined,

6;min([q]zz’a) —
1 else

31



32

Layered automata: A canonical model for automata over infinite words

The initial state is [¢o]~, , for go the initial state in 7j.

M;min([Q]%wrl) = [MGE(Q)]%¢

The transition function 5" is well-defined by Lemma 5.8, and p5™" is well defined
because ¢ ~,11 ¢’ implies that ¢ ~, ¢’ by definition, and hence also 1 (q) ~, 1:(¢'). By a
direct application of the definitions and the fact that p, is a morphism, one easily shows
that pS™" is a morphism. Lemma 5.8 implies that L,*(p) = L, ([p]~,). Thus, A" is
safe minimal. Moreover, the other properties we have already established are not invalidated
by this construction, as shown in the next lemma.

» Lemma 5.9. If A is normal, then so is A",
Proof. We check the properties N1, and N2, for x > 2.

N1. Let [g]~, =4 [¢/]~, in 7™, Then, we can assume that the representatives g, ¢’ are
chosen such that ¢ —, ¢’ in T,. Therefore ¢/ %, ¢ for some v € X1, as A satisfies N1,
and hence [¢']~, 2 [q]~, .

Xy

N2. Let [¢]~, be a state in A" and [p]

~

~.4, @& child of it. Then, we can assume that the
representatives are chosen such that p,(p) = ¢ in A. As A satisfies N2, there is u such
that ¢ =, is defined in T, but p 5,41 L in Tp41. Then, [q)~. 2y, is defined in T Smin

but [plx, —rptr L in TSR <
The following lemma shows the key property to obtain correctness of A",

» Lemma 5.10. Let A be a consistent layered automaton and p € Q, an x-state. If a word
w € X% is strongly accepted (resp. rejected) by [pl~, in AN then it is strongly accepted
(resp. rejected) by p in A.

Proof. Assume that w is strongly accepted by [p]~, in A" (so  is even). In particular,

w € LA ([p]~,), and therefore w € L (p). Assume by contradiction that w is not strongly

accepted by p. Then, there is a decomposition w = uw’ and a state ¢ € Q41 such

that p —, ¢, where ¢ = [i,(¢'), and w’ € L;“H(q’). We claim that the decomposition

w = uw’ witnesses that w is not strongly accepted by [p]~, in A" a contradiction. Indeed,

by definition of §5™" we have that [p]~, —, [g]~,, and also w’ € LY " ([¢]~,.,). As
smin

(¢ )~ i1 ) = [d). » this concludes the proof. <

S

We are ready to prove the correctness of the construction of AS™n,

» Lemma 5.11. Let A be a normal and consistent layered automaton. Then, AS™™ is safe
minimal, normal, and consistent layered automaton. Moreover, L(A) = L(A™™), and A
admits a surjective strong morphism to AS™",

Proof. By Lemma 5.8, the mapping ¢: A — A™" with ¢(p) = [p]~, for ¢ € Q, is a strong
morphism, which is clearly surjective. Automaton 4" is normal thanks to Lemma 5.9.

We show consistency of A", Let [p]~, and [p']~,, be ~j-equivalent in A" that is,
L(A,p) = L(A,p"). Assume by contradiction that a word w is strongly accepted by [p]~,
and strongly rejected by [p']~ , in A", By Lemma 5.10, w is strongly accepted by p and
strongly rejected by p’ in A. Therefore, by Lemma 3.14, w € L(A,p) and w ¢ L(A,p’),
contradicting language equivalence of these states.

We prove that L(AS™") = L(A). Let w be a word accepted by A" (similar proof for w
rejected), that is, there is = even and a decomposition w = uw’ such that [gini]~, —1 [~

and w’ is strongly accepted by [¢']~,, with [i1(¢") ~1 ¢. By Lemma 5.10, w’ is strongly
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accepted by ¢’ in A, and therefore by Lemma 3.14, w’ € L(A, ¢') = u=*L(A), where the last
equality follows from uniform semantic determinism of A.
Finally, safe minimality of A%™" follows from language equivalence and the fact that

Lo(p) = LA™ (Iple.). <
» Lemma 5.12. Given a consistent layered automaton A, we can compute A" in polyno-
mial time.

Proof. For building A", we just need to compute the ~, classes of A, as the transitions
and morphism functions are defined directly on them. For computing the classes of ~;, we
need to check for language equivalence of states, which can be done in polynomial time by
Proposition 3.28. The computation of ~, for z > 1 consists in checking the equivalence of
deterministic safety automata, which can be done in LOGSPACE. <

5.4 Centralisation

We now show how to make an automaton centralised while preserving normalisation and
safe minimality. The following lemma shows that we can extend the <, relation to compare
2-SCCs.

» Lemma 5.13. Let A be a consistent layered automaton satisfying N1. Let Si,Ss be two
x-SCCs in T,. If there are p1 € S1 and pa € Sy such that p1 <, p2 then for every ¢ € S1
there is ga € So with q1 <4 qo-

Proof. Take a path p; —, ¢1 in T,. Since p; <, p2, u € L.(p2). Let go be the state
reached in 7, by the path ps —, ¢2. As A satisfies N1, go € Sy. Clearly, ¢1 ~o—1 ¢2
because p1 ~y_1 po. Finally, L, (q1) = u™'Lo(p1) € u™ ' Lo (p2) = La(g2), 50 1 <o G2 <

We write S <, S’ if there are p € S and p’ € S’ such that p <, p’.

We define a centralisation operation that removes z-SCCs that are not <,-maximal. Fix
x > 2 odd and two components S <, S’. Let A be the layered automaton with S removed.
This means that for every y > = we remove all p € @, such that fi,(p) € S.

» Lemma 5.14. Let A be a safe minimal, normal, and consistent layered automaton. Then,
A s also safe minimal, normal and consistent. Moreover, L(A“") = L(A), and A" is a
subautomaton of A.

Proof. Since A" has been obtained by removing whole 2-SCCs, no transitions between
existent SCCs are added, nor any z-SCC is covered in A°*. Therefore, A" is also in normal
form.

For all relations ~, with = > 2, the relation ~, in A is the restriction of ~, to the
states of the new automaton, as for every state p in A, Lfdl (p) = L7 (p). Therefore, the
construction cannot create two =, equivalent states.

For the second part of the lemma, we show that the mapping ¢: A — A given by
©(p) = p is an injective morphism that preserves strong acceptance. The result then follows
by Lemma 5.3. The fact that ¢ is a morphism and injective is straightforward.

For showing that ¢ preserves strong acceptance, assume that w is strongly accepted (resp.
rejected) from some state in A, The only interesting case here is when this state is a parent
of S, because for all other states, their SCCs and those of the children have not changed.
By Lemma 5.5 we know that all parents of S are in the same SCC, so let R C @,_1 be
the parent SCC of S. Assume that z — 1 is even, the other case being symmetric. Let w
be strongly accepted from r € R in A*. Assume that w is not strongly accepted from r

33



34

Layered automata: A canonical model for automata over infinite words

in A. Then there is a decomposition w = uw’, a run r ~,_; ¢, and w’ € L,(p) for some
p € Q, with ;1 (p) = q. Since w is strongly accepted from r in A", we get that the SCC
of p has been removed in A%, that is, p € S. Since S <, S, there is a state p’ € S’ with
L,(p) C Ly(p') and piz—1(p) = pe—1(p’). But then w’ € L,(p’) and py—1(p’) = ¢, which
would mean that w is not strongly accepted from r in A because S’ is still a child SCC of
R in A°t, <

» Lemma 5.15. Given a consistent normalised layered automaton A, we can compute A
in polynomial time.

Proof. To obtain A it suffices to identify x > 2 and two states p, p’ € @, in different SCCs
of T, such that p <, p’. Once such states are found, we just remove from A the z-SCC of p
and the states that map to it via [i,.

For this, we compute the relations <,. For each & > 2, we check for each pair p ~,_; p’
whether L, (p) C L,(p), which is just language inclusion of deterministic safety automata. <

Every application of the centralisation operation removes some states. When the operation
cannot be applied anymore, after at most |Q>1| steps, we get an equivalent automaton that
is normal, safe minimal and centralised.

5.5 Subautomaton and surjective morphism

Applying the polynomial-time transformations presented in the previous subsection, we
obtain an automaton Ay, that is normal, central and safe minimal, which proves the first part
of Theorem 5.1. We show the second part of this theorem, that is, that the initial automaton
A contains a subautomaton admiting a surjective strong morphism to Ay.

This construction took 3 steps, producing the following sequence of automata:

A Anormal ~ AsafeMin ~ AcentraI:AL-

Moreover, we have proven that these automata satisfy the following relations:

Anormal is a subautomaton of A,

Anormal @dmits a surjective strong morphism to Asafemin-

Acentral 1s @ subautomaton of Agfemin Obtained by removing subtrees of at levels > 2 of
the latter automaton.

We first note the following.

» Lemma 5.16. Let ¢ : A — B be a morphism between consistent layered automata, and let
B’ be a subautomaton of B obtained by removing some subtrees at layers > 2. Then, o~ *(B')
is a layered automaton and a subautomaton of A.

Proof. Clearly A’ = ¢~1(B') is a subautomaton of A because it is obtained by removing
some nodes. To check that it is a layered automaton first observe that layer 1 of B’ is the
same as layer 1 of B, so the layer 1 of A’ is the same as layer 1 of A. It remains to verify
that the u, functions are still morphisms if restricted to A’. Take p € 7;“4/ for some z > 2.
We have that p,_1(p) € TA" because B’ is obtained from B by removing subtrees. Clearly
the transitions are preserved by ., in A’ as they are preserved in A. |

Let A’ be the subautomaton of Anermal given by the previous lemma applied to the mor-
phism ¢ : Anormal — Asafemin and the subautomaton Acentral of Az. Then, A" = ¢~ (Acentral)
is a subautomaton of Apormal, hence also a subautomaton of A. Since ¢ is a strong morphism
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its restriction to A’ is also strong. Moreover, ¢ is surjective, as A’ is the preimage of . This
concludes the proof of Theorem 5.1 as Acentral = ApL.

» Remark 5.17 (Order of the operations). We order the operations to ensure that each
step preserves the properties obtained in previous steps. Normalisation is applied first,
since the lowering operation may disrupt centrality and safe minimality. Interestingly, safe
minimisation does not always preserve centralisation—unlike the coBiichi case (see [AK22]),
where centralisation can precede safe minimisation. By contrast, Lemma 5.14 establishes
that centralisation preserves both normalisation and safe minimality, making it the natural
final step.

6 Congruence-based characterisation

In this section, we provide an alternative characterization of minimal layered automata
based on congruences over tuples of finite words. This approach yields a direct, algebraic
construction of the canonical minimal layered automaton for any w-regular language. The
congruence-based perspective complements the syntactic minimisation procedure presented
in Section 5 and offers additional insight into the structure of layered automata through the
lens of equivalences on sequences of finite words. For example, the maximal length of such
sequences reflects a parity index of the language.

6.1 Definitions and basic properties of congruences

Let L C X% (the definitions can be applied to every language of infinite words, but the results
concerning layered automata only work for regular w-languages). In our congruence-based
description of the minimal layered automaton for L, the states on layer x are classes of an
equivalence relation =j, over z-tuples @ = (ug,...,u;) € (X*)% of finite words. The relation
=, can be seen as one equivalence relation over the set of all finite tuples (of length at
least one) of finite words over ¥, in which equivalent tuples must have the same length. For
defining the transition relations on the individual layers and the morphisms between the
layers, we consider two operations on such finite tuples:

Concatenation: We write U - uz41 for concatenation with a word uz4+1 € £* in the last
component, that is @ - uz41 = (U1, ..., Ug—1, UgUyt1) 1S the tuple that has the same first
2 — 1 components as @, and uzu;11 as last component (if x = 1, then the resulting tuple
is just (ujusz)). We use this operation for defining the transition relation on the individual
layers.

Merging: We write (U, u;41) for the tuple (uq,...,u,, uz4+1) obtained by adding u,y; as
additional component. Merging the last two components of the tuple (@, u,+1) of length
at least 2, is the operation of removing the last component and concatenating it to the
second last component, resulting in the tuple @ - u, 1. We use this operation for the
morphism from layer x + 1 to layer x.

Before going into the formal definitions, let us look an example to get an intuition for the
notions that we are going to define.

» Example 6.1. Consider the language L of all words over ¥ = {a,b} in which aba occurs
finitely often, and a and b both occur infinitely often. The congruence automaton for L is
shown in Figure 8. The language is prefix independent, so there is only one class on layer

1, and all the representatives of classes in the other layers can use € as first component.

Layer 2 ensures that all words that do not contain aba are safe from some state. In order to
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capture this, we introduce the notion of a tuple being (equivalent to) L. In the example,
(u1,us) =1 L iff ug contains aba as infix. This is captured by looking at possible extensions
usw of ug into words ug (ugw)® € L. Such an extension exists iff uy does not contain aba.
And the tuples for which no such extension exists are declared L (when we discuss layer 3 of
the example further below, we give some more details on the definition of 1). This notion
of tuples being 1 defines a safe language for each tuple: the set of finite words that can be
appended to the last component without making the tuple L. On layer x our equivalence
merges x-tuples that are equivalent w.r.t. this safe language. This results in three classes on
layer 2 in the example that track the prefixes of aba, namely [(¢,¢)]=,,[(e,a)]=,, (g, ab)]=, .
In the picture, the representative (e, bb) is used for the class [(¢,¢)]=,. The intuitive reason
is that bb is a word that ensures the following: concatenating it to any tuple (on layer 2)
results in a tuple that is either L or equivalent to (¢,bb). So in that sense, bb in the second
component points to a unique class. This is captured by our definition of pointed tuples
further below. We use this notion for selecting those classes that are used for the construction
of the automaton: only classes that contain a pointed tuple are used. There can be classes
that contain only pointed tuples or both, pointed and non-pointed tuples (as (¢, ) and (e, bb)
in the example), but there can also be classes that do not contain any pointed tuple, and
these are not used as states. The latter case does not happen in this example, we refer to
Example 6.6 for this. Layer 3 is responsible for checking that infinitely many a and b occur,
so words that contain only one of the two letters have to be safe on layer 3 (and are thus
rejected because 3 is odd). Note that there is no state on layer 3 that maps to [(g,ab)]=,
on layer 2. The reason is that if [(¢,ab)]=, occurs infinitely often in a safe run on layer 2,
then the word has to contain infinitely many a and b, because all words looping on that
class on layer 2 contain a and b. So there is nothing to check on layer 3 in this case. This is
captured by our definition of L as follows. We say that a tuple (u,us,us) on layer 3 is L if
either (uq,uzus) is L on layer 2, or every extension w € X7 that closes a loop on the class of
(u1,us), written as (u1, ugugw) =r, (u1,us), is such that the resulting word uqus(usw)® is in
L. Intuitively, this means that we do not have to track anything on layer 3 because there is
nothing to reject if the class on layer 2 occurs infinitely often. Consider the tuple (e, ab, ) in
the example. Merging the last two components results in (g, ab). Our definition ensures that
(e,ab,e) =1 L because every nonempty w such that (e, abw) =r, (¢,ab) must be such that
abw does not contain aba (otherwise (¢, abw) would be L and thus not equivalent to (e, ab)),
and w ends in ab. Then clearly ab(w)* € L because w contains both a and b, and ab(w)*
does not contain aba, which follows from the facts that abw does not contain aba and that w
ends in ab.

We now proceed with the formal definitions, which generalise the definitions for the coBiichi
case on pairs of words from [LW25].7

For tuples @ = (uq,...,u;), v = (v1,...,v,;) of finite words, we define inductively over
the length of the tuples the notions w =5, L, w =, v, and u is pointed.

For the induction base x = 1, define

(uy) #1 L for all uy,
(u1) =g (v1) iff ug ~p w1,
(u1) pointed for all u;.

9 There is a small difference. In [LW25] for the coBiichi case all states of the congruence automaton are
classes of tuples of length 2. With our definitions here applied to the coBiichi case, there might also be
states that are classes of tuples of length 1 in some cases. This flexibility of tuple length actually makes
the definition simpler because it avoids a special treatment of ¢ as in [LW25].
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a,b
¢
[E]EL
b SO
A Q .
[(e,0b)l=, ——> [(e, )]z, —— (¢, ab)]=,
A \L/
b o . b
N QO
[(Eabba )]EL [(670’70’)]EL

Figure 8 Congruence automaton for the language of words with finitely many aba and infinitely
many a and b from Example 6.1.

Bottom and safe language. For the induction step, let (@, u,y1) =1 L if
U-Ugp1 =1 L, or
Vw € BT iU upqw =1 U= [ug - ug(upw)® € L < x even).

Note that we require w to be non-empty in order to ensure that the looping part w, 4w is
non-empty.

» Remark 6.2. 1. Let (U, u;11) be such that there is no w € X% so that @ - u, 1w =, .

7 is vacuous.

Then, (@, uz+1) =1, L, as the quantification “Vw [...]
2. In proofs we often show that a tuple is #;, | by finding a w € ¥7 with T - ug 1w =1 @
and [u - Uy (Upp1w)? € L & x+ 1 even] (note the change to “z + 1 even” here). We

sometimes call such a w a witness for the tuple not being L.

The next lemma states that 1 is invariant under right concatenation in the last component,
and thus we can use it for defining a safety language.

» Lemma 6.3. Letu € (X*)* anda € X. Thenu=r L =u-a=p L.

Proof. Induction on x. For x = 1 the claim is true because no tuple of length 1is 1. For x+1,

assume that (@, uz41a) Zr L. Then @ - uyy1a #; L, and hence by induction @ - w1 Zr L.

Further, there is w € 3 such that @ - uy 10w =1 @ and uq - - - ug (ugr1aw)® € L iff x + 1
even. Then aw witnesses that (@, u,4+1) Zr L. <

For an infinite word w € ¥ we define (u,w) #, L if (@, v) #r L for all prefixes v of w. The
safe language of a tuple is then the set of finite and infinite words that can be concatenated
to the tuple without making the tuple L:

L (T uzq1)) i={w € 2" U | (W, ug1w) £ L}

Note that the safe language is completely determined by the finite words it contains (the
infinite words in the safe language are those for which all finite prefixes are in the safe
language).

Equivalence. Based on that, let

(W uzt1) =1 (U, vz41) i W upy1 =1 T Vpq1, and L¥((T, ugs1)) = L°((T, vpx1))

This is residual equivalence w.r.t. the safe language together with the condition that the
tuples map to the same class on the previous layer. The class of a tuple is written [u]=, .
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» Example 6.4. Let L = parity(1,2,...,d). Then, the tuples that are =5, | are those that
have length > d or that contain x in some component of index > x. Therefore, for every
length = € {1,...,d}, there are exactly two equivalence classes: [(¢,1,2,...,2 — 1)]=, = L,

and [(e,...,¢)|=, #1 L.

The following lemma shows that =;, is a congruence w.r.t. to the operations that we
consider on tuples of words, namely right concatenation in the last component, merging the
last two components, and extension with a new last component. Note that this implies that
=, is preserved under arbitrary sequences of such operations, for example first extending
the tuple by a new last component, and then filling this new component with a word by
repeated right concatenation.

» Lemma 6.5. Letw,v € (%)%, a € X, uga1, V1 € B*. The following properties hold.

1
2. (W uzy1) =1 (U,V011) = U Upy1 =10 Vgy1-
3 u,e) =p, (T,¢).

Proof. The proof is a simple application of the definitions.

1. Clearly, if L*(w) = L*(v), then also L*(w-a) = L°(v - a). Based on this observation, the
proof is a straightforward induction on =x.

2. This property is part of the inductive definition of =;,.

3. Assume that @ =y, U. Then clearly w-¢ =1, U-e. For showing that L*(w,e) = L°(7,¢), let
Ugy1 € L5(w,e). Then there is w such that w-uyyw = w and ug - - - vy (ugppw)® € L iff
z+1 even. By assumption we have w =, ¥, which by 1 implies that - u, 1w =p V- uyyiw,
and thus T - u,1w = U. Further, vy - vy (ugpiw)® € L iff ug -+ ugp(ugpw)? € L
because vy -+ - vy ~p Uy -+ - uy. Therefore, uz11 € L*(U,v,41). By symmetry we obtain
that L*(u,e) = L°(v,¢). This shows that (u,e) =1, (T,¢).

<

Pointed. We can use all classes of =, (except L) for the construction of a layered
automaton that accepts L. However, this automaton is not necessarily minimal (see Exam-
ple 6.6 below). We now proceed with the definition of pointed tuples, which are used to
select those classes of =, that are actually used in the definition of the minimal automaton
A=, . The definition of pointed is made such that it allows us to construct central sequences
for the classes that contain pointed tuples. Consider a tuple (@, u,41) Zr L. It can be seen
as the tuple that is reached from (@, ) by reading u,1. The parent of (@,e) on level z is u.
We now say that (4, u,y1) is pointed, if reading u,41 from any z + 1-tuple (7, v,41) that
has @ as parent on layer x, results in a tuple (U, v;41uz41) that is either L or equivalent to
(@, uzps1). In other words, u, 1 uniquely points to the class of (%, uz11) when starting from
a child of w.

Formally, (T, u,+1) Z1 L is pointed if @ is pointed and for all pointed ¥ and all v, 1 with
UV Upt1 =L W

(T, Vgt1Ugt1) Z1 L = (U, 0p11Up11) =1 (T, Ugy1)-

This is illustrated in Figure 9, where the gray triangle represents all the children (7, v,41) of
[u]=, that are used in the definition.
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Figure 9 Illustration of the definition of (@, uz+1) being pointed. Basically, from every child of
[u]=,, the word ug+1 leads to L or to (@, uz41)-

a,b a,c b, c
g O
[(e,ab)]=, [(g,ac)]=, [(g,bc)]=,
\ | /
[(e,8)]=.

Figure 10 Diagram of all the =y -classes on layer 2 for the language L from Example 6.6 (at least
one letter finitely often).

» Example 6.6. Consider the alphabet ¥ := {a, b, ¢} and the language of all w-words that
contain at least one of the letters only finitely often. This language is prefix independent,

so the first layer has only one class, and we only need to consider € in the first component.

Further, (e,us2) =1 L iff us contains all letters, and (g,u2) =1 (g,v2) if the same letters
occur in ug and vy. All tuples of length more than 2 are L. Otherwise, if (g, us,u3) #r, L,

then (g,usuz) #r L and there is w € XT with (g, usuzw) =1 (¢,u2) and us(usw)® ¢ L.

From (e, ugusw) =1, (&, u2) we know that ug and ususw contain the same letters. From
(e,ugu3) Z1, L we conclude that usus does not contain all the letters. Hence ugw does not
contain all the letters, so ug(ugw)® € L, a contradiction. The full diagram of =;, on layer
2 is shown in Figure 10 (except the class L, where the missing transitions are going). The
parent of all these classes is the unique class on level 1. For the automaton, we only need the
classes [(g,ab)]=,, [(g,ac)]=,, and [(¢,bc)]=, , which respectively check that ¢, b, or a occur
finitely often. And these are precisely the classes that contain pointed tuples. Consider,
for example, (g, ab). Reading ab starting from any class in the diagram either goes to L or
ends in [(¢,ab)]=,, so (,ab) is pointed. But for example, the class of (g,a), consisting of
tuples (g,a'), i > 1, does not contain any pointed tuple. If (g,a’) were pointed, then with
(T,vz41) = (g,ab) in the definition of pointed, we would have (e, aba’) =1, { L, (¢,a)} but we
have (g,aba’) =, (¢,ab). In other words, reading a’ starting from (e, ab) leads back to (e, ab)
and not to (¢,a) or L.

The following lemma asserts that being pointed is a property that is preserved under
right concatenation in the last component and under merging the last two components.

» Lemma 6.7. Letuw € (%)%, a € X, uz11 € X*. The following properties hold.
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1. Ifuw is pointed and w - a #1, L, then u - a is pointed.
2. If (@, uzpq1) s pointed, then U - uyy1 is pointed.

Proof. Note that the property 2 follows from property 1: If (@, u,41) is pointed, then by
definition @ is pointed. By repeated application of property 1 we get that @- u,1 is pointed.

Property 1 clearly holds for £ = 1 because all tuples of length 1 are pointed. We now
show that claim for tuples of length at least two, so assume that (@, u,1) is pointed. For
showing that (@, u;410a) is pointed, let T € (¥*)*, v,1 € X* such that T - v, 1 =1 @. Then
(T, vp41uzt1) =1 {L, (W, uzpq1)} because (@, uz41) is pointed.

If (U,vg41Uzpt1) =1 L, then (U,vz41up110) =1 L by Lemma 6.3. If (T,vp41Uz41) =1
(U, ugt1), then (T, vyq1ugpy10) =1 (U, uzy1a) by Lemma 6.5(1). <

Regularity and Finiteness.

We show that for w-regular languages, the number of = -classes is finite. The proof consists
of two parts, the first part (Lemma 6.8) shows that on each layer (for each fixed length of
the tuples), there are finitely many = -classes. The second part (Lemma 6.9) shows that
there are only finitely many layers that contain classes that are different from 1.

» Lemma 6.8. If L is w-regular, then =1, has finite index over (X*)* for all x > 1.

Proof. Let L = L(A) for a nondeterministic Biichi automaton (NBA) A. For a finite word
u € X*, let the transition profile of u contain for each pair p, q of states of A the information,
whether there is a run from p to ¢ on u, and whether there is such a run passing through

T are

an accepting state. It is not difficult to show by induction on x that if w,v € (X*)
such that u;, v; have the same transition profile for all 7, then w =, ©. Since there are only
finitely many possible transition profiles, the claim follows. So let @, 7 € (¥£*)* be such that
u;, v; have the same transition profile for each ¢. If u;,v; have the same transition profile,
then they also are in the same residual class, because the same states are reachable from the
initial state of A via u; and via v;. So the claim follows for x = 1. For the step, consider
Ugpt1,Vpt1 € L with the same transition profile, and show that (@, uz41) =1 (U, vg41). Since
Uy, Uy and ugz41, V.41 have, respectively, the same transition profile, also uztgz11,VeUz11
have the same transition profile, so @ - u;z41 = U - v441 by induction. This implies that
T Uppqw' =p T - vppqw’ for all w’ € ¥* by Lemma 6.5(1). Thus, (@, u,piw') =1 @ iff
(U, vp41w") =1, T because also © =1, U by induction. Further, since all pairs u;, v; have the
same transition profiles, we get that uy - - - ug (upr1w’)” € L iff v1 -+ vy (vpp1w')* € L. This
means that for every w € L*(W, uyy1), the same words witnessing that (@, u,i1w) £ L also
witness that (7, v,11w) £ L, and vice versa. Hence L*(@, uyy1) = L*(T, Vgq1)- <

The following lemma shows that =, has “finite depth” if L is w-regular, in the sense that
the length of tuples that are not L is bounded by the parity index of the language.

» Lemma 6.9. If L is w-regular and accepted by a DPA with priorities in [1,d], then @ =y, L
for all w € (%)Y (and hence also for all longer tuples).

Proof. Let A be a DPA for L and let n be bigger than the number of states of A. Assume
by contradiction that there is @ = (u1,...,uqs1) € (X%)9H with w £, L. We inductively
define words v, € ¥* for « € {2,...,d + 2} and show that the loop that the run of A on
u1vy enters, must visit d different priorities with the smallest one being even. This is not
possible if A only uses priorities 1,...,d.

We start with the definition of v449 := €, which is only needed for a simple induction
base.
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Assume that v,y has already been defined for z € {2,...,d + 1}, and that (uq,...,u;) -

Vg1 =1 (U1, ..., uy). Since vgyo := €, this condition is clearly satisfied for the start of the
sequence with x = d+1. From (u1,...,uy)vsq1 =1 (u1,...,u,) we also get that (uq, ..., u,)-
’U;+1 =7 (u1,...,uy) for all i by Lemma 6.5(1). In particular (ui,...,us) - v}, #r L.
Hence, there is a word w, € X7, such that (uq,...,up—1) - UpVl Wy =1 (u1,...,up—1) and

[Ug - Up—1(UgV} yws )Y € L & 1 is even]. Let v, := u,v]}, yw,. Note that
(Ul, .. auwfl) Vg = (Ul, .. )uaifl) : uzU;Ldex =L (Ul, ... auw71)7

S0 v, satisfies the property that was assumed for the inductive definition.

Our goal is to show that v, induces (d + 1) — z many nested loops of different parity in
A whose acceptance status alternates. For this we need to read v, starting from the right
type of state. Let gg be the initial state of A, and ¢; be the state reached in A after reading
TRERRTIE

U1 u2 us3 Ud+1
go —> g1 —2> g2 —> " —> (gd+1

We now show that for each ¢ ~ ¢,_1 such that a non-empty power of v, loops on ¢, this

loop contains d + 2 — z many different priorities with the least one having the parity of x.

So assume that ¢ i q where the plus represents some non-empty power. By the choice of
vz, we have that uy ---u,—10% € L iff z is even. Hence, v¥ is accepted from ¢ iff z is even,
which means that the least priority on the loop has the same parity as x.

We show that the loop contains at least d+2 — z many priorities by a downward induction
starting with x = d 4+ 1. The induction base is trivial because the loop must contain at least
1 priority.

If z < d+1, then consider the states reached after the factors of the first v, = uyv}, w,:

Ug V41 V41 V41 Wy /
q — Po Y4 P2 Pn —4

Since ¢ ~ ¢,—1 and pg is reached from ¢ via u,, we get that pg ~ ¢,. Furthermore,
(u1, - ,ug) vl =1 (w1, ,uy) as already noted above. So we get that p; ~ g, for all
i €{0,...,n}. By the choice of n, there must be i # j with p; = p; =: p, so we have found a
state p ~ ¢, such that a non-empty power of v, loops on p. By induction, we know that
on this loop at least d + 2 — (z + 1) many priorities are visited with the least one having

n
the parity of = 4+ 1. So the least priority visited on the loop ¢ Loy q must be strictly smaller
+

vl
than the minimal one on the loop p ——= ¢, which gives the desired claim.

From this we immediately get that the loop that is entered on u;vy contains at least
d = d + 2 — 2 many priorities with the least one being even. |

6.2 The automaton A_,
For the definition of A=

=L
A=, , we assume that L is an w-regular language (in the main results stated as theorems

we assume that L is w-regular. So in all statements that involve

we mention this again explicitly, but not in all auxiliary lemmas). Let d be maximal such
that there exists u € (X*)? with 7 #Z; L. By Lemma 6.9 this is the minimal d such that L is
accepted by a [1,d]-DPA.

The z-th layer of A=
x, the transitions corresponding to concatenation in the last component. The morphism

., consist of the equivalence classes of the pointed tuples of dimension
from layer z + 1 to layer z is obtained by merging the last two components. And the initial
state is as usual the class of the empty word. Formally, we define the layered automaton
'AEL = (q():L771:Laﬂ1:L7 e 77dd:7[i7,u§£177:1:L) by
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. = (Q7", 0 ") with

Q5 ={[ul=, | w e (¥*)* pointed}

U - al= if % - 1
R
undefined else.

q0 b= [5]EL
Pzt Qiﬁl = Q7" with pz = ([(W, ugy1)]=, ) = [@ - upy1]=, -

Note that in the definition of 6% and pL* the result is independent of the chosen represen-
tative by Lemma 6.5(1) and (2). Further, uZ* is a morphism because it does not matter
whether we first concatenate and then merge, or first merge and then concatenate:

W2 (T wa10)]=,)

= [H'ufthla}EL

oz ([0 upyr]=, , a)

= 55L(MfL([(ﬂvuw+l)}ELva))

ﬂa%L (51+1,EL ([(ﬂv ux+1]EL)v CL))

So A=, is a layered automaton.

6.3 Correctness of A_,

We show that A=, is a consistent layered automaton that accepts L (Theorem 6.14). We
first need some auxiliary definitions and lemmas.

Our first goal is to show that the safe languages of tuples are covered by the pointed
tuples. This is expressed for finite and infinite words respectively in Lemmas 6.11 and 6.12.
For constructing corresponding tuples, we start with the auxiliary Lemma 6.10 that is applied
in the proof of Lemma 6.11 (so the reader may skip Lemma 6.10 now and come back to it
when reading the proof of Lemma 6.11).

» Lemma 6.10. Let u,v € (X*)” and ugy1,V241 € X*. If U =L T vzq1, then L (U, uzq1) 2
L2 (0, vy 1tz 41)-

Proof. Let w € L*(U,vgq1uz11), that is, (U,vpp1tzpi1w) Z;, L. We show that w €
L* (W, uz41). It is sufficient to show this for finite words w because the infinite words
in the safe languages are determined by the finite ones.
If (U,vp41uzr1w) #r L, then there is w' € X1 with ¥ - vy quzww’ =, T and
V1 - Vg (Vg1 Uppww’)? € Liff 241 is even. Observe that @ =, U-v,41 in particular implies
Uy " Uy =L U] VgUpq1. SINCE V1 -+ Vg (Vg p1Up 1 wW' )Y = 01 -+ Uz Uz 11 (Ugp 1 WW VL 11),
we get ug - - Uy (Upprww've41)” € L iff 2 4+ 1 is even. Further

U Up41WW Vg1 =L UV - Ugpp1Ugp1WW V41 =L V- Vg1 =L U
—_———

LU

So the suffix w'v,11 witnesses that (@, u,11w) £z, L and hence w € L* (@, tuz41)- <

The following lemma states that if we start from a pointed tuple w of length z, then the
safe language of the (z + 1)-length tuple (U, e) with empty (x + 1)-st component is covered
by the pointed children (T,v,41) of [u]=,, that is, those pointed (T, v;41) of length = + 1
with pZ=([(U,vz41)]=,) = [@]=,. Recall that uZ=([(U,v54+1)]=,) = [@]=, is equivalent to
v - Vr+1 =L u.
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» Lemma 6.11. Consider (@, uz+1) 1, L such that @ is pointed. Then there is pointed
(U, Vp1) such that U- vz =T and (U, Vpp1Uzt1) Z1 L.

Proof. Assume that we can show that there is are T € (X*)%, vyy1 € X* with T-v,01 =1 T
and (U, vz41Uz41) is pointed (note that the lemma claims that the tuple without u,11 at
the end has to be pointed). From that we can construct the desired tuple as follows. Since
(U, v 11upr1) Z1 L (because it is pointed), there is w € X7 such that - vy Uz 1w =1, 0

and vy -+ Uy (Vgpp1Uzr1w)? € L iff & 4+ 1 is even. Then also (T, vp41Upt1W0z11Uz+1) Z1 L.

Further T vp41Up1W V41 =1 T - Vg1 =1 T by Lemma 6.5 and (U, Upq1Uz41W0z41) 1S
=rv
pointed as an extension of a pointed element by Lemma 6.7. So with v}, | = vy 1Ug1WVz41
we obtain a tuple (v,v ) as claimed in the lemma.
It remains to show that we can find v € (¥*)%, v,41 € ¥* with U-v,y1 =1 @ and

(U, Vp41uz41) pointed. The idea is quite simple. We start with (@, u,1) as current tuple.

As long as the current tuple is not pointed, there is a witness for that: a new tuple whose
last component ends in 1, and whose safe language is different from the safe language
of the current tuple. By Lemma 6.10, the safe language of the new tuple must be strictly
included in the safe language of the previous tuple. This can happen only finitely often, since
the safe language of a tuple only depends on its =y -class, and there are only finitely many
= -classes. We formalise this idea below.

Starting with ¢ = 0 we define a sequence (7, v +1) of tuples with 7 € (£*)* and

Q(H)_l € ¥* such that

(1) @ is pointed,
(2) 790, =1 7,
3) @D, 0\ ua1) #1 L, and
(4) if i > 0, then L* (@ villuzﬂ) C L*(wl- 1),vii;11)um+1).
(@)

We show that we can extend the sequence by one more tuple if (T () , U, +1ux+1) is not pointed.

Because of the last property, each such sequence must be finite because the safe language of
a tuple only depends on its = -class, and by Lemma 6.8 there are only finitely many =,
classes for each tuple length (we are assuming that L is regular).

We start with 7(°) = % and v;(izl = ¢, which is easily seen to have all the properties.

If (79,0 z+1ur+1) is pointed, then we have found the desired tuple with 7 := 5 and

Upy1 1= Ug(c+1- Otherwise, we show how to obtain the next tuple in the sequence.

So assume that (71, (J)rlurH) is not pointed. Since 7 is pointed, there must be

v’ € (X*)* and v, ; € ¥* such that

v’ is pointed,

v vl =1 o,

(@ v 10\ ) tps1) 1 L, and

(ﬁlv v;c+1v£i4)rlul’+1) %L (ﬁ(i)v USJ)rluerl)'

If we define 70t =7’ and Ugrll) = U’x_,_l?};ij_l, then properties (1) and (3) for the new tu-
ple are immediate from (i) and (iii). Property (2) follows from (ii) by w(+% -vg(clj_rll) =
7 - U;Jrlva(cﬁl =, 7y (z_i)r
the last equivalence from (2) for i. Property (4) follows from (iv) and Lemma 6.10

because (v’ ,vw+1villux+1) £ (U(Z)7U§3_1ux+1) is the same as L*(v, v$+1villu3¢+1) +

(U(z),v;lluxﬂ), and thus by Lemma 6.10 L5(v’ ,UZ+1U;_?_1ux+1) c Ls(@® vi}_luxﬂ).

=

That we can apply Lemma 6.10 is guaranteed by (ii). <

1 =L T, where the second last equivalence is from (ii), and
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k

_ Y1
A=, — [a-uj =, :) U1 &
A

) a+1 x+ 1
(0, 0p41)]=, ———> - o

Figure 11 Tlustration of the contradiction in the proof of Lemma 6.13 under the assumption
that (@ - v*,v*) #1, L.

The following is an analogue of Lemma 6.11 for infinite words.

» Lemma 6.12. Let @ € (¥*)% be pointed and w € ¢ such that (u,w) £, L. Then there
are T € (X*)*, Upq1 € * with T - veq1 =1 U, (T,v041) is pointed and (U, v,41w) Zp, L.

Proof. We can apply Lemma 6.11 to each finite prefix u(?) = Uz+1 of w, obtaining ) e (X*)*,
g(H)_l € ¥* with 7 . v() =, @, (@, v(ll) is pointed and (79, v} (1 ) #, 1. We can
assume that each (7, ;_H) is the shortest pointed tuple from its =p-class, because the
required properties hold for all pointed tuples of a = -class or for none. Hence, there are only

finitely many candidates for the (7, v} +1) and thus there must be one tuple (7, v,41) that

equals (T, vi}rl) for infinitely many prefixes u(*). This tuple then satisfies all the required

properties. |

The next lemma is used in the proof of Theorem 6.14 for showing that A=, is consistent
and accepts the language L.

» Lemma 6.13. Let x be even and u € (X*)* be pointed such that uf, , is strongly accepted
from [ul=, in A=, . Then uy ---uyul,, € L. The corresponding statement holds for x odd,
us,, strongly rejected and uy - - - uguly | € L.

Proof. We show the case x even. Since we never refer to layer z — 1, the proof for x odd is
symmetric.

Since uy, | is strongly accepted from [@]=,, we have w- vy, #r L. Let k> 0,£>1 be
such that w-uk, , =, u- qu Assume that (@-u®,,u¥, ;) #; L. Then, by Lemma 6.12,
there would be 7 € (X*)*, vpq1 € X* with T v,q1 = T - u’;H, (U,vz41) pointed and
(U, vp41uy, 1) #1 L. This would witness that u%_ , is not strongly accepted from [u]=, , as
illustrated in Figure 11. Hence, we must have (@ - u§+17u:+1) =7, 1, which means that
(T - u’;H,ugﬂrl) = L for some m. By iterated application of u - u’;H =L U- u’;ﬁ, we

obtain @ - u:’zﬁ'm =p u-uf,,. By definition of (u-uf ,,u7 ) =, L, this implies that
Up - Ugly g = Uy~ - - uwu’;H(uﬁ'ﬂ)“ € L because z is even. |

» Theorem 6.14. Let L be an w-regular language. Then A=, is a consistent layered
automaton with L(A=,) = L.

Proof. Assume that A=, is not uniformly semantically deterministic and thus not consistent
by Corollary 3.17. Then there is an even z and an odd y and pointed tuples @ € (¥*)%,
v € (X*)Y with wy ---uy ~p v1 -+ v, and such that some w € X is strongly accepted from
[u]=, and strongly rejected from [0]=,. Clearly, the set of all these w is w-regular, so there is
also an ultimately periodic w = wv“ with this property. Then v* is strongly accepted from
and strongly rejected from [v- u]=,. By Lemma 6.13 we get that u; - - - uguv® € L

[ﬂ ' “]EL
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and vy - - - vyuv® ¢ L, which contradicts uy - --ug ~p vy --- vy. We conclude that A=, is
consistent.

For showing that L(A=,) = L, let uv* be an ultimately periodic word. By Corollary 3.18,
uv“ contains a suffix that is strongly accepted or strongly rejected by some state in A=, ,
and not both because we have already shown that A=, is consistent. Then v*“ is strongly
accepted or strongly rejected from some [u)=, for a pointed tuple @ = (uq,...,u,) € X* such
that (uy ---u,) is reachable on layer 1 from (g) by a prefix uv® of uv*. Since all transitions
in A=, respect the ~ class, we get that uy ---u, ~p uvk. By Lemma 6.13 we get that
uvkv® € L iff 2 is even. Hence, L(A=,) and L contain the same ultimately periodic words
and are thus equal (this follows from the closure properties of w-regular languages, see e.g.
[CNP93, Fact 1]). <

6.4 Minimality of A_,

We show that A=, is safe minimal, normal, and centralised (Lemma 6.18) and then use
Theorem 4.1 to conclude that A=, is the minimal layered automaton for L.

We start by showing that A=, has central sequences. The proof is split into three lemmas:
Lemma 6.15 shows how to obtain a central sequence for each pointed class that has a child
that is 1. Lemma 6.16 shows that all children of leafs of A=, are L, and in the proof of
Lemma 6.17 we show that Lemma 6.15 can also be applied to the inner states of A=, .

» Lemma 6.15. Let 2 > 2, 1 € (%)* ! and ug,uzr1 € X such that (U, uy) is pointed,
(W, Uz, Ugy1) =1 L and (T, ugtizt1) £ L. Then [(W, uzuzi1)]=, has a central sequence.

Proof. Since (U, uzuz11) Z1 L, there is w with Tuguyriw =p wand ug -+ - ug—1 (UgpUzriw)? €
L iff x even. We show that z := wugu,41 is a central sequence for [(T, uztz11)]=, -

First, every child of [ - uyuz11]=, is taken to [(W, uguyi1)]=, or L by z, which follows
from (@, uzuz41) being pointed: Let (T, v,) be pointed such that @ - v, =1, @ - uztzr1. Then
by Lemma 6.5, U - v, w =1 U - UgUp1w =1, w and thus

(U, vpwuguzrt) =1 {(@, ugtizr1), L}

Second, by choice of w, (&, Uply1WUzUyy1) Z1 L, and hence z loops on [(T, uztiz41)]=, -

Third, every grand child of [@-u,u,i1]=, is taken to L by z: Let (U,vs,vz41) be
pointed such that v - vyvz41 = - uzu,4+1. Then again by Lemma 6.5, U - vyv,4 1w =1
T - Uplzr1w =r W. Since (W,u,) is pointed, we get (U, v v, p1wu,) =1 {(w,u,), L}. If
(U, VpUpp1wu,) =, L, then clearly (U, v,0z412) = (U, Uz 410Uz tyy1) =1 L by Lemma 6.3.
If (T, 20z 41wy ) =1, (W, uy), then by Lemma 6.10

LA (0, v, Ve112)) = L (T, va, Vo 1wUztiz 1)) © L (T, Ug, Uz y1)) = 0.

This means that (7, v, v,1+12) =1 L, and thus z satisfies all properties of a central sequence
for [(T, ugtzt1)]=, - <

We now give that characterisation of leaf states by showing that all tuples that extend a
pointed tuple in a leaf class by another component are L. The proof is a simple instantiation
of Lemma 6.11.

» Lemma 6.16. Let x > 1 and w € (X*)® be pointed. Then [u]=, is a leaf of A=, iff
(u,e) =1 L.
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Proof. Let u € (¥*)* be pointed. If (uw,e) #Z; L, then we apply Lemma 6.11 with u,4; = €.
We obtain v € (3*)*, v,411 € ¥* such that (T,v,41) is pointed and T - v,41 = T. So
[(T,v241)]=, is a state in T35 with pZ= ([(0,v241)]=,) = [0 vay1]=, = [U]=,. Hence [u]=,
is not a leaf.

For the other direction, assume that [u]=, is not a leaf and let T € (3*)®, v,41 € ¥* such
that (7, vy41) is pointed and T- v, 41 =1, @, that is, uZ = (((T, vey1)]=,) = [V Vat1]=, = [U]=,.
By Lemma 6.10 with u,11 = € we get that L*(D,v,41) C L*(u,¢€). Since L*(T,vyy1) # 0, we
also have L*(w,¢) # (), which means that (u,e) #Z1 L. <

» Lemma 6.17. In A=, all states on layers x > 2 have a central sequence.

Proof. If [(W,uy)|=, is a leaf of A=,, then (4,ug,e) =1 L by Lemma 6.16, and thus
[(W,u;)]=, has a central sequence by Lemma 6.15.

For showing that internal states have a central sequence, let (U, v, v;+1) be pointed and
show that its parent [(U,v,v,41)]=, has a central sequence, assuming that [(U, vz, Vz11)]=,
has a central sequence z. We want to show that we can apply Lemma 6.15, so we construct
a word z’ that loops on [(T,v,v,41)]=, and takes (U, v, v;41) to L, so it has the following
properties:

(i) (T,v505412") =1 (T, v40541) and
(i) (7,ve,v2412") =1 L.

We can apply Lemma 6.15 to (7, v, v:412") and obtain a central sequence for [(T, v,v,412")]=, =
(T, v4v541)]=, as desired.

The following arguments for establishing (i) and (ii) are not very difficult but might be
confusing because they involve several tuples. Figure 12 gives an overview of the situation
that is constructed below. The tuple on the left-hand side on layer x is the one for which we
want to construct the word 2’.

We start by explaining the z-edges in Figure 12. Since z is central for [(T, vy, vpy1)]=,,
every child of [(T, vz, v,41)]=, is taken to L by z (this is indicated by [(- -+ )]=, on layer x + 2
in Figure 12). Further, we have (T, vz, vyz412) =1 (T, Vs, vz+1) and thus also (T, v,v,412) =1,
(U, 030z41) and T - U U112 = T - UzUz4+1 by Lemma 6.5 (these are the z-loops in Fig-
ure 12). Hence, (U,v,v,+12) Z1, L, and there is w such that (7,v,v,412w) =, T and
V1 Vg1 (VU1 2w)® € L iff  is even. This is the w-edge on layer  — 1 in Figure 12.
Further, the choice of w ensures that (T, v,v,4+1(zw0,0,41)Y) Z1 L.

We let 2’ := zwv,v,11. The paths induced by 2’ on the layers x — 1, x, and = + 1 are
shown in Figure 12. Most edges shown on the layers are just obtained by appending the
corresponding word to the last component of the corresponding tuple. The parent edges are
obtained by the morphism property. There are two thick edges on the layers for which the
target class is determined by the definition of pointed. First, consider the thick v,-edge on
layer x. Since (7,v,) is pointed and T - v,v, 412w =, U (as can be seen in Figure 12), we
get that (T, v,v,412w0,) =1 {(T,vz), L}. And as noted earlier, the choice of w ensures that
(U, Uy 41 (ZWULV5 1)) £ L, so in particular (T, v,vz412wv,) £ L. Hence, we obtain
that (U, vzvs12wv,) =1 (T,v,) and thus also

(0, Vp02412") = (U, 030041200051 1) =1 (U, VpVzr1)-

This explains the edges on layer x in Figure 12 and shows (i).

We now show (ii). Actually, the thick v,i1-edge on layer x + 1 is drawn under
the assumption that (ii) does not hold, and is then used for a contradiction. Since
(T, Vg, Vpy1) is pointed and (T, v,v,412w0,) =1, (T,v,) (as established before), we get that
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z+1 G0, v2,v241)]=, — [(T, V2, Vat12w)]=, > [(T, Ve, Var12w02))] =,
A

v +2 LEC)=,

Figure 12 Illustration supporting the reasoning in the proof of Lemma 6.17. Dotted edges
represent the morphism to the parent layer. The v;ii1-edge on layer x 4+ 1 is drawn under an
assumption that leads to a condtradiction, so the wvzvz+1-loop on layer x 4+ 1 does not exist.

(T, Uiy Vo1 20005 41) =1 {(T, Uy Vgg1), LY. If (U, 05, Vopp1 200,50, 41) =1 L, then (ii) holds.
Otherwise, we get (T, vy, Vp412W0Vz41) =1 (U, Vg, Upt1), which is indicated by the thick
vz41-edge on layer  + 1. Now it can be seen from Figure 12, that in this case, (zwv,vz41)* is
strongly accepted/rejected from [(T, vy, vz41)|=, iff @ + 1 is even/odd. By Lemma 6.13, this
would mean that vy - - - vyp1(zWVLVL41)* € L iff © + 1 is even. But we have chosen w such
that vy« Vp—1 (VgVpp12W)Y = V1 -+ Vgpy1 (ZWVLVL41)Y € L iff © is even, a contradiction. <«

» Lemma 6.18. Let L be an w-regular language. Then A=, is safe minimal, normal, and

centralised.

Proof. A layered automaton is safe minimal if its first layer corresponds to residual equivalence
of L, and for all x > 2 and for all states p,q on layer x that have the same parent, the
safe language of p and ¢ are different. So let (u,u,) and (T,v,) be two pointed tuples with
T- Uy =1, U-vg. Then, by definition of =1, we get (4, u,) =1, (T, v,) iff L (@, u,) = L*(T,v,,).
So two pointed tuples on layer x with the same parent class correspond to different states iff
they have a different safe language.

For showing that A=, is normal, we first need to show property N1 from Definition
4.2, namely that each layer > 2 is a union of non-trivial SCCs. So let (u,u,) be some
pointed tuple on level z, and let v € ¥* be such that (u,uzv) #r L, that is, in A=, there
is the path [(7,u,)]=, — [(@,uwv)]=,. Since (@,u,v) #Z1 L, there is w € ¥F such that
T - uzgow = wand ug - up_q(ugow)? € L iff x is even. Then (@, uzvwu,) #Zr L and
since (@, u,) is pointed, we get (T, uzvwu,) =1, (4, u,), so in A=, we get the following path
[(ﬂ’ umv)]EL ﬂ} [(ﬂ’ u$)]EL .

The property N2 required for normal follows from the existence of central sequences (the
central sequence of a state has the properties required for N2). That A=, is centralised also
follows from the existence of central sequences: If [u]=, <, [U]=, for two tuples of length
x > 2, then a central sequence z for [u]=, cannot send [0]=, to L, and hence [v- z]=, = [u]=,,
which means [0]=, =, [u]=,. By property N1 of normal, [@]—, and [v]=, are in the same
z-SCC. <

47
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Combining Lemma 6.18, Theorem 6.14, and Theorem 4.1 yields the main result of this
section.

» Theorem 6.19. Let L be an w-regular language. Then A=, is the minimal layered
automaton for L.

7 Conclusions

We have introduced layered automata, a model merging and generalising minimal HD
coBiichi automata and Zielonka trees. This model provides canonical representations for
w-regular languages. We have characterised these representations via machine-independent
congruences over tuples of finite words. Beyond this foundational characterisation, consistent
layered automata exhibit strong algorithmic properties. Emptiness and inclusion testing
are in PTIME for consistent layered automata. Furthermore, consistent layered automata
can be minimised in PTIME, and the result is never bigger than the smallest equivalent
deterministic automaton. These properties make consistent layered automata an attractive
model of acceptors for w-regular languages as they have good algorithmic properties and at
the same time are both history deterministic and 0-1 probabilistic.

While we establish that canonical layered automata are minimal within the class of
consistent layered automata (Corollary 5.2), we conjecture they are also minimal among all
alternating history deterministic automata.

» Conjecture 7.1. Let B be a history deterministic alternating parity automaton. Then,
there is an equivalent layered automaton A such that [A] has no more states than B.

In particular, the minimal layered automaton of a language is minimal among all history
deterministic alternating parity automata.'®

If true, this conjecture would establish that layered automata provide a canonical and
algorithmically efficient representation for all history deterministic automata.

Other future directions. Naturally, there are many aspects of the theory of layered automata
itself that remain to be developed. We believe that layered automata offer a promising
framework for broader practical and theoretical applications. A natural first direction is to
provide efficient constructions for Boolean operations on languages and direct translations
from logical formalisms such as Linear Temporal Logic to layered automata. A second avenue
is to build the minimal layered automaton directly from COCOA representations using
techniques from [EK24a], thereby circumventing the full product construction discussed in
Section 3.6. Finally, we envision applying layered automata to passive and active learning of
omega-regular languages, extending the passive learning results for coBiichi automata [LW25].

10We have a draft of a proof for Conjecture 7.1 for the case of 2 priorities (Biichi and coBiichi automata).
That is, the minimal HD coBiichi automaton from Abu Radi and Kupferman [AK22] is minimal among
all HD alternating coBiichi automata.
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